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ABSTRACT 

Seme  new  results  in  the  area  of  routing  algorithms  for  caemunica- 
tion  networks  are  presented.  The  aim  has  been  to  take  as  much  advantage 
as  possible  of  the  inherent  structure  of  the  routing  problem,  as  given 
by  the  graph  supporting  the  network,  it  seems  reasonable  to  believe 
that  new  insights  in  topological  design  can  be  developed  as  one  gains 
new  understanding  of  how  performance  varies  with  routing  policy  when 
topology  is  held  fixed.  For  the  purpose  of  making  the  topological 
structure  of  the  network  to  explicitly  appear  in  the  routing  policy, 
an  optimization  criteria  that  divides  into  a hierarchy  of  linear  programs 
with  a natural  hierarchical  partition  of  the  network,  has  been  chosen. 

The  power  of  the  criteria  lies  in  the  fact  that,  given  the  network  state, 
it  identifies  the  ‘worst*  congestion  problem  and  alleviates  it  with 
maximum  resources.  Furthermore  the  linear  programming  formulation 
allows  one  to  express  all  results  in  terms  of  graph  related  matrices. 

This  fact  contributes,  not  only  to  reduce  the  amount  of  computation 
needed  for  finding,  and  dynamic  tracking,  the  optimal  solution,  but 
it  also  provides  with  properties  and  simplifications  that  can  be  used 
[ * for  gaining  a better  understanding  of  the  routing  policy,  or  optimal 

routing  policies  in  general  if  one  assumes  that  optimal  policies  do 
not  differ  much  from  one  another.^  This  can  also  be  viewed  as  a first 
step  towards  directly  relating  routing  and  topology,  and  may  ultimately 

I provide  insight  into  the  question  of  what  is  a good  topology  in  the 

sense  of  simplifying  the  complexity  of  a routing  algorithm. 

A result  of  this  work  is  the  fact  that  one  can  describe  the  set 
of  allowable  paths,  corresponding  to  an  optimal  solution,  by  means 
of  a nonnegative  distance  assignment  to  links  and  the  shortest  route 
criterion.  This  distance  assignment  turns  out  to  be  highly  non-unique, 

• with  a number  of  degrees  of  freedom  equal  to  the  number  of  problems 

included  in  the  hierarchy  of  linear  programs.  An  interesting  property 
of  these  distance  assignments  is  that  one  is  always  able  to  find  an 
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assignment  with  integer  numbers,  no  matter  if  the  capacities  of  the 
links  are  irrational. 

An  algorithm  that  makes  use  of  all  simplifying  properties  to  solve 
the  optimization  problem  is  proposed.  Closely  related  to  it,  another 
algorithm  to  track  the  optimal  solution  when  changes  in  the  requirement 
are  present  is  also  included.  This  reoptimization  algorithm  can  work 
in  a decentralized  way  whenever  the  requirement  changes  are  sue*  that 
no  change  of  optimal  basis  is  needed  for  any  of  the  linear  programs. 
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CHAPTER  I 


INTRODUCTION 

1.1  Motivation 

Data  communication  networks  have  become  an  egineering  reality. 

The  literature  in  this  area  is  already  extensive  II] -[4]  and  can  be 
expected  to  continue  its  rapid  growth  in  the  near  future,  since  many 
important  problems  remain  unsolved  and  others  have  to  be  reconsidered 
and  studied  under  different  perspectives.  Experimentation  with  exis- 
ting networks  is  a continuous  source  of  new  problems  and  ideas  15] -16], 
while  the  availability  of  low  cost  and  reliable  microprocessors  presents 
new  opportunities  for  the  design  of  sophisticated  control  systems  [7]-[9]; 
furthermore,  the  price  of  storage  devices  has  decreased  rapidly  and 
larger  buffers  are  changing  some  aspects  of  data-network  philosophy  [5] . 

The  overall  subject  of  data  networks  can  be  looked  upon  from  so 
many  different  points  of  view  that  it  is  worthwhile  to  impose  some 
structure  in  terms  of  which  specific  subproblems  can  be  isolated.  Fol- 
lowing the  taxonomy  adopted  in  110] , we  can  decompose  an  overall  computer- 
communication  network  into  four  layers,  namely 

the  computer  subnet 
the  cooputer-communication  interface 
the  communication  subnet 
the  communication  links, 

each  of  which  can  be  addressed  with  some  degree  of  independence.  Here 
we  will  concentrate  on  the  conmiunication  subnet. 
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The  main  responsibilities  of  the  conmunication  subnet  are  twofold: 
first,  to  accept  messages  from  their  sources  and  deliver  them  expeditiously 
to  their  destinations > and  if  unable  to  do  so,  then,  second  to  institute 

recovery  procedures  which  maintain  message  integrity  at  a minimum  cost. 

" 

This  second  responsibility  will  not  be  fully  considered  here.  For  the 

acceptance  and  delivery  of  messages  two  aspects  are  of  prime  importance: 

**  V 

(I)  network  topology  and  (2)  the  algorithms  used  to  determine  the  routes 

which  messages  follow  from  their  source  to  their  destination. 

The  problem  of  routing  assignments  has  been  one  of  the  most  in- 
tensively studied  areas  in  the  field  of  data  networks  in  recent  years 

[II]  , [34] , [35] . Desirable  properties  for  a routing  algorithm  include 
that  it  must  be  adaptive,  distributed,  stable  and  deadlock-free.  On 
the  other  hand,  it  must  also  be  efficient,  that  is,  easy  to  compute 
and  with  an  information  flow  (updating  traffic)  as  small  as  possible. 
Clearly  there  are  difficulties  in  achieving  all  these  attributes 
simultaneously  and  in  quantifying  the  trade-offs  among  them. 

likewise  there  are  multiple  difficulties  in  the  problem  of  net- 
work topology:  First,  we  have  the  task  of  finding  meaningful  performance 
criteria  that,  subject  to  reasonable  assumptions,  will  give  rise  to  a 
tractable  mathematical  formulation.  Second,  we  have  the  task  of  devising 
useful  measure  of  performance  or  complexity  as  a function  of  topology. 
Finally,  we  must  cope  with  the  fact  that,  with  adaptive  routing,  a 
single  network  topology  corresponds  to  a large  class  of  "virtual 
topologies",  one  for  each  possible  routing  policy. 

In  spite  of  the  progress  made  in  soma  of  these  areas,  there  still 
are  many  unanswered  questions.  For  example,  current  methods  are  lacking 
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in  some  of  the  desired  properties  {adaptivity,  etc.)  mentioned  before. 

In  addition,  unanticipated  problems  arising  in  practice  show  that  many 
underlying  issues  are  not  yet  well  understood.  Thus,  it  appears  that 
new  analytical  tools  and  conceptual  insights  are  needed  for  appropriately 
dealing  with  these  problems.  This  present  work  is  intended  to  be  a 
step  in  that  direction.  We  believe  that  new  insights  in  topological 
design  can  be  developed  as  we  gain  new  understanding  of  how  performance 
varies  with  routing  policy  when  the  topology  is  held  fixed.  Thus,  the 
present  work  seeks  to  inter-relate  routing  and  topology  as  much  as 
possible.  For  this  purpose  we  have  chosen  an  optimization  criteria 
that  generates  a natural  hierarchical  partition  of  the  network , since  it 
seems  likely  that,  partitioning  a network  into  hierarchies  will  be 
important  to  the  efficient  use  of  large  scale  networks. 

Finally,  we  point  out  that  in  our  study  we  will  not  differentiate 
between  line-switching  and  packet-switching  as  a mode  of  operation.  The 
reasons  are  that,  on  one  hand,  we  do  not  see  a clear  distinction  between 
these  two  modes  and,  on  the  other  hand,  that  the  model  can  be  appro- 
prietly  used  for  any  of  them,  see  [5] , [10] . For  obvious  reasons  we 
will  not  include  in  our  model  the  excess  traffic  due  to  overheads, 
that  is  different  for  the  various  modes,  see  [6],  nor  the  switching 
complexity  of  the  nodes.  Clearly,  the  switching  operation  involved  in 
a packet  network  is  much  more  complicated  than  that  involved  in  a line 
or  circuit  network;  for  large  scale  networks  this  can  be  a decisive 
factor,  although  no  formal  study  has  been  done  to  include  the  switching 
complexity  as  a constraint  in  data  network  design.  A good  starting 
point  in  this  latter  direction  could  be  references  [12]  and  [13] . 
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1.2  Survey  of  Previous  Work 


Boutin?  algorithms  can  be  roughly  classified  as  static,  quasistatic 
and  dynamic.  Static  algorithms  are  usually  designed  to  determine  fixed 
routing  tables  or  network  flows  to  minimize  some  statistic  (usually 
the  average)  of  network  delay,  assuming  stationary  input  requirements. 
Such  algorithms  are  used  both  in  network  design  and  in  setting  up  fixed 
routing  tables.  A typical  problem  of  this  kind  is  as  follows:  For  a 
given  routing  policy  and  traffic  matrix,  one  can  calculate  the  traffic 
on  each  link.  Approximating  the  queueing  delays  on  each  link  as  a ' 
function  of  link  traffic,  one  can  calculate  the  expected  delay  per 
message  in  the  network.  The  problem  then  is  to  choose  the  routing 
policy  that  will  minimize  the  expected  delay.  This  is  a multicommodity 
flow  problem  and  a recent  algorithm  for  its  solution  due  to  Cantor  and 
Gerla  [14]  is  especially  significant  since  it  provides  a mathematically 
elegant  procedure  for  solving  static  problems  with  a computational 
efficiency  comparable  to  the  best  available  heuristic  methods.  It 
is  worth  noting,  as  pointed  out  in  [10] , that  the  mathematical  problem 
formulation  involves  steady  flow  requirements  rather  than  packets,  and 
that  the  solution  for  each  commodity  is  therefore  "filamentary"  in 
nature,  by  which  we  mean  a lattice  of  flows  with  the  property  that  flow 
is  conserved  at  every  intermediate  node. 

Two  significant  advances,  in  terms  of  computational  efficiency, 
have  been  made  by  Defenderfer,  in  [11],  beyond  the  original  algorithm 
proposed  in  [14].  The  first  is  an  improved  algorithm  for  determining 
the  set  of  shortest  distances  between  all  pairs  of  nodes  in  a sparse 
network.  The  second  is  related  to  the  significant  advantages  that  nay 
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be  obtained  in  cases  of  practical  interest  by  decomposing  the  flow  into 
trees  (one  for  each  destination)  rather  than  into  extremal  flows,  as 
in  the  original  Cantor-Gerla  algorithm.  For  an  excellent  discussion 
and  comparison  of  all  these  algorithms,  see  [11]. 

Quasi-static  algorithms  are  routing  procedures,  in  which  changes  of 
routes  are  allowed  only  at  given  intervals  of  time  and/or  whenever 
extreme  changes  occur.  One  approach  to  this  problem  is  to  have  a special 
node  in  the  network  that  periodically  receives  all  the  information  re- 
lated to  the  network  and,  at  a given  instant  of  time,  reoptimizes  the 
routes  using  any  of  the  static  algorithms  mentioned  before.  These  con- 
trol algorithms  are  termed  centralized.  It  seems  clear  that  this  quasi- 
static  centralized  policy  entails  a large  canmuni cation  problem  since 
"state  of  the  network"  information  must  be  transfered  to  a central 
location  and  then,  after  a calculation  of  a desirable  routing  policy 
has  taken  place  at  the  central  node,  the  corresponding  new  routing  in- 
formation must  be  distributed  throughout  the  network.  It  seems  possible 
that  a distributed  algorithm  could  reduce  this  camunication  problem  at 
a small  cost  in  increased  nodal  computer  complexity.  Some  important 
contributions  have  appeared  recently  in  the  literature  for  this  area) 
see  19]  and  [15]  for  problems  and  tradeoffs  related  to  distributed 
routing  algorithms. 

There  are  many  reasons,  in  addition  to  the  communication  problem 
mentioned  before, why  a distributed  algorithm  may  be  preferable  to  a 
centralized  one.  It  can  reduce  reliance  on  a central  node  that  might 
fail.  It  can  also  mitigate  the  effects  of  node  or  link  failure  since 
with  a centralized  algorithm  the  routes  by  which  notification  of  such 
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failure*  are  sent  to  the  control  node  might  in  fact  be  destroyed  by 
such  failure.  Further,  it  can  reduce  the  protocol  information  flow 

I 

required  with  a centralized  algorithm,  namely  that  from  the  network  to 
the  central  node  and  frost  the  central  node  to  the  network.  All  these 
potential  advantages  justify  the  need  for  research  in  the  area  of  dis- 
tributed algorithms.  For  nor*  information  of  these  points,  see  [7], 

ia>. 

This  report  will  also  investigate  some  aspects  of  decentralized 
routing.  There  are  two  properties  that  a distributed  algorithm  should 
have.  On  the  one  hand,  a distributed  algorithm  should  converge  to  an 
optimal  solution  which  could  be  obtained  from  a corresponding  centralized 
algorithm.  This  is  true  for  the  algorithms  described  in  [9]  and  [15] , 
but  it  is  not  for  the  ARFANET  distributed  algorithm  [16] ; the  principal 
distinction,  see  [9],  is  that  the  AHPAHET  strives  for  what  is  called 
"user  optimization,"  rather  than  for  "system  optimization."  On  the 
other  hand  another  important  characteristic  that  a distributed  algorithm 
should  have,  as  first  pointed  out  by  Gallager  in  [9] , is  that  of  being 
"loop  free"  at  every  iteration.  To  quote  Gallager  [9] , "aside  from 
reducing  delay,  it  appears  that  loop  freedom  can  be  important  in 
simplifying  higher  lever  protocols.  In  fact,  the  major  reason  for 
building  loop  freedom  into  the  algorithm  was  to  prevent  a potential 
deadlock  in  the  protocol  for  commmi eating  update  information  between 
the  nodes."  More  recent  work  by  Gallager  [17]  has  extended  the  resuls 
on  loop  freedom.  As  we  will  see  later  same  of  those  results  generalize 
other  results  obtained  independently  in  our  research  and  give  a clean 
and  elegant  treatment  to  the  important  problem  of  loops  in  multicaanodity 
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flow. 


The  last  type  of  routing  algorithm,  according  to  our  classification, 


is  that  of  dynamic  routing  which  allows  continuous  changing  of  the 
routes.  The  routing  of  a particular  message  is  not  determined  when  it 
enters  the  network;  instead,  each  node  that  receives  the  message  selects 
the  next  node,  to  which  the  message  is  routed  on  its  path  to  the  desti- 
nation, based  on  the  present  state  of  the  network. 

All  the  algorithms  mentioned  so  far  are  based  on  the  assumption  of 
a convex  objective  function,  for  example,  in  an  analytical  model  first 
introduced  by  Kleinrock  [18]  the  steady  state  delay  in  each  link  is 
calculated  explicitly  as 
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where 


f^  is  the  flow  in  link  & is  messages/second 

c^  is  the  capacity  of  link  l in  messages/second 

is  the  total  delay/unit  time  experienced  by  all 
messages  in  link 

The  total  delay  to  be  minimized  by  the  routing  procedure  is  then 
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Two  important  assumptions  for  this  model  are: 


1)  Queueing  delays  are  the  only  nonnegligible  source 
of  delay  in  the  network. 

2)  Each  link's  traffic  can  be  modeled  as  Poisson  message 
arrivals  with  independent  exponentially  distributed  mes- 
sage lengths. 


w 


Assumption  2)  is  the  result  of  ths  famous  independence  assumption  re- 
quiring the  messages  to  "lose  their  identity"  at  each  node  and  be 
assigned  new  independent  lengths.  Assumption  1)  has  been  generalized 
by  Kleinrock  himself  [191 » to  account  for  overhead  and  propagation 
delays*  On  the  other  hand,  in  [9],  [11]  and  [15],  D,  (f^)  is  not  required 
to  have  the  form  given  above  but  only  to  be  increasing  and  convex  in 
f^i  nevertheless,  the  model  used  in  these  references  is  basically  the 
same  as  that  of  Kleinrock. 

Kleinrock ' s steady  state  and  independence  assumption  render  his 
model  less  appropriate  for  other  than  static  of  quasi-static  types  of 
situations,  such  as  transients  and  dynamic  strategies.  Because  of  those 
drawbacks  several  attempts  have  been  made  to  generalize  this  model.  One 
of  ths  most  important  efforts  in  this  direction  is  the  model  proposed 
by  Segall  [20],  where  the  contents  of  ths  queues  at  the  nodes  are  viewed 
as  continuous  quantities,  rather  than  as  integer  numbers  of  messages  or 
bits.  This  macroscopic  point  of  view  not  only  provides  a model  that 
is  analytically  simpler  than  the  classic  finite-state  models  , but  also 
is  compatible  with  the  fact  that  the  effect  of  any  single  message  on  the 
total  systam  performance  should  be  minimal . 

With  this  continuous  model,  the  routing  problem  is  formulated  in 
[20]  as  a linear  optimal  control  problem  with  state  and  oontrol  variable 
linear  inequality  constraints.  Ths  solution  to  this  problem  is  approached 
in  two  ways.  One  way  is  via  a feedback  form  obtained  by  means  of 
Pontryagin'a  alnlam  principle  and  dynamic  programing,  since  it  turns 
out  that  for  this  problem  the  necessary  conditions  for  optimality  given 
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by  the  minimum  principle  are  also  sufficient.  The  other  way  is  by  re- 
placing some  constraints  with  penalty  functions.  This  formulation  has 
been  used  to  investigate  how  to  minimize  the  average  message  delay 
while  disposing  of  whatever  backlogs  may  exist  in  the  network  at  any 
particular  point  in  time.  A comprehensive  feedback  solution  has  been 
obtained  [21]  for  the  case  in  which  all  backlog  messages  have  the  same 
destination  and  the  inputs  are  constant  in  time.  The  approach  runs 
into  difficulties  when  the  general  case  is  considered  and  no  general 
solution  has  yet  been  obtained. 

To  cope  with  these  difficulties,  while  keeping  the  same  continuous 
model,  a second  approach  to  the  problem  of  dynamic  routing  was  proposed 
by  Wozencraft  in  [10] . This  approach  involves  a change  in  the  objective 
function.  Rather  than  trying  to  minimize  the  average  delay,  the  idea 
is  to  minimize  the  maximum  delay.  A wide  variety  of  related  network 
models  and  performance  criteria  can  be  approached  from  this  point  of 
view.  The  power  of  this  "minimax  policy"  lies  in  the  fact  that,  given 
the  network  state,  it  identifies  the  "worst"  congestion  problem  and 
alleviates  it  with  maximum  resources. 

It  turns  out  that  the  mini max  policy  presents  some  canonical  and 
structural  properties  that  bring  new  insight  to  the  problem  of  routing 
and  topology  for  ccauunication  networks.  The  purpose  of  this  research 
i3  to  study  in  detail  many  of  these  properties  and  provide  some  general 
understanding  of  routing.  The  aim  is  to  take  as  much  advantage  as 
possible  of  the  inherent  structure  of  the  problem,  as  given  by  the 
graph  supporting  the  network.  By  considering  which  links  must  be 
heavily  loaded  no  matter  what  routing  strategy  is  used,  we  can  divide 
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the network  naturally  into  subnetworks  and  study  the  interaction  among 
these  subnetworks.  This  can  be  viewed  as  a first  step  towards  directly 
relating  routing  and  topology,  and  nay  utilimately  provide  insight  into 
the  question  of  what  is  a good  topology  in  the  sense  of  simplifying  the 
complexity  of  a routing  algorithm. 

1.3  Thesis  Organization 

The  main  object  of  this  research  is  to  obtain  new  insight  into 
the  problem  of  dynamic  routing  in  data  networks  and,  in  particular,  to 
study  how  one  can  effectively  exploit  the  structure  of  the  network  as 
determined  by  the  graph  supporting  the  network. 

In  order  to  achieve  these  goals,  we  propose  to  work  with  an  ob- 
jective function  that  is  simple  and  structured  enough  to  allow  a 
theoretical  tracking  of  the  optimal  solution.  It  turns  out  that 
the  minima*  objective  function  described  in  Chapter  II  has  this  char- 
acteristic. The  reason  is  that  the  minima*  optimization  problem  divides 
into  a hierarchy  of  linear  programs  that  partition  tha  set  of  links 
and  requirements  into  subsets  with  a hierarchical  relation  among  than. 

In  Chapter  II,  we  give  a description  of  this  objective  function,  with 
emphasis  on  its  hierarchical  structure.  In  Chapter  II,  we  also  intro- 
duce the  basic  model  and  approximations  that  will  ba  used  throughout 
tba  thesis. 

In  Chapter  HI,  we  describe  the  first  linear  program  of  the  hier- 
archy of  linear  programs  mentioned  before.  This  linear  program  is 
for, what  is  callad,the  first  saturation  level  problem.  Writing  tha 
duel  problem  and  applying  some  of  the  concepts  and  results  on  linear 
programming,  we  are  able  to  find  several  properties  that  characterize 
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an  optimal  solution.  One  key  result  is  the  characterization  of  the 
optimal  paths  by  means  of  an  integer  distance  assignment  to  links,  and 
the  use  of  a Shortest  route  criterion.  We  also  give  a set  of  equal- 
valued ratios,  which  we  called  the  canonic  equations,  that  contain  all 
the  essential  information  related  to  an  optimal  solution.  These  canonic 
equations  allow  us  to  define  an  equivalent  capacity  per  allowable  path 
that  proves  to  be  very  useful  for  decentralized  control  of  the  optimal 
solution,  within  the  region  corresponding  to  an  optimal  basis  of  the 
linear  program. 

Zn  Chapter  IV  we  make  a matrix  analysis  of  the  first  saturation 
problem.  The  first  major  result  of  this  section  is  a procedure  to  re- 
construct the  updated  constraint  matrix  and  the  basis  inverse  using  only 
the  information  in  the  sets  of  saturated  arcs  and  nonzero  flows.  This 
result  allows  us  to  avoid  the  general  inversion  of  the  entire  basis  and 
to  compute  only  those  elements  that  are  needed.  For  this  computation, 
all  the  operations,  except  for  the  inverse  of  a saturation  matrix  whose 
dimension  is  the  number  of  saturated  links,  jure  graph-theoretic  opera- 
tions. Furthermore,  the  partitioning  we  make  of  all  matrices  and  vectors 
involved  in  the  linear  program  allows  us  to  compute,  at  any  time,  only 
the  minimum  number  of  elements  needed  to  reoptimize. 

Since  the  nature  of  the  matrix  we  must  invert  is  very  important 
for  the  complexity  of  all  these  calculations,  we  devote  part  of  Chapter 
IV  to  studying  seme  properties  of  this  matrix.  Another  key  result  of 
this  section  is  the  relation  between  the  matrices  of  a capacity  normalized 
network  (all  capacities  equal  to  one)  and  a general  network.  It  turns 
out  that  these  networks  are  very  simply  related,  and  we  can  move  from 


one  problem  to  the  other  very  easily.  This  can  be  important  for  simplify- 
ing computation.  He  end  the  section  by  discussing  attractive  methods  for 
inverting  the  saturation  matrix. 

In  Chapter  V we  extend  the  results  of  Chapters  III  and  IV  to  lower 
saturation  problems.  In  particular  we  broaden  the  interpretation  of 
dual  variables  as  distance  assignments  and  present  an  algorithm  that, 
given  the  dual  variables  of  every  saturation  problem  up  to  level  N (any 
M) , produces  a distance  assignment  to  links  that  descritoea  the  optimal 
solutions  of  tha  global  problem  up  to  level  M.  As  for  the  first  level 
problem  we  can  easily  derive*  from  previous  distance  assignment,  a valid 
intagar  assignment. 

Chapter  V also  generalises  the  matrix  analysis  of  Chapter  IV  to 
lower  levels  and  presents  a procedure  to  reconstruct  the  updated  constraint 
matrix  and  the  basis  inverse#  from  the  saturated  arcs  and  nonsaro  flows, 
by  means  of  graph  theoretic  operations  and  tha  inversion  of  the  correspond- 
ing saturation  matrices.  These  saturation  matrices  are  graph  matrices, 
one  corresponding  to  each  level,  whose  dimension  is  the  number  of  saturated 
links  of  tha  corresponding  level.  He  conclude  Chapter  V with  same  com- 
ments end  results  relative  to  nonuniqueneea  and  degeneracy  of  tha  global 
problem. 

In  Chapter  VI  we  deal  with  the  problem  of  the  dynamic  tracking  of 
the  optimal  solution  when  changes  in  the  requirement  vector  are  present. 
This  problem  is  divided  in  two  cases,  depending  upon  whether  or  not  we 
need  a change  of  optimal  basis  to  accommodate  the  changes.  For  the 
case  when  a change  of  basis  is  not  required  we  also  present  a decentra- 
lized procedure  in  which,  knowing  the  requirement  and  the  amount  of  the 
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change  each  individual  node  is  able  to  compute  the  changes  it  has  to 
introduce  in  the  flow  along  the  allowable  paths  leaving  that  node.  For 
the  case  when  a change  of  optimal  basis  is  needed  we  study  how  the  change 
can  be  accomplished  without  having  to  know  the  whole  basis  inverse,  but 
only  a very  small  part  of  it.  It  turns  out  that,  using  a modified 
version  of  the  revised  simplex  method,  we  usually  need  to  compute  only 


a few  elements  of  the  inverse  for  each  change.  Chapter  VI  concludes 
with  an  algorithm  to  solve  the  successive  saturation  problem.  Based  on 
previous  results  most  of  the  operations  involved  in  this  algorithm  are 
graph  theoretic  operations . 

Finally,  in  Chapter  VII  we  draw  together  the  most  important  conclu- 
sions obtained  from  this  research,  and  suggest  some  of  the  work  that 
still  remains  to  be  done  as  the  object  of  further  investigation.  The 
appendices  include  examples  and  a few  peripheral  results , except  for 
Appendix  I,  which  is  a summary  of  some  matrix  results  that  are  used 
throughout  the  report. 


CHAPTER  II 


DESCRIPTION  OF  THE  MODEL 

2.1  Introduction 

In  this  section,  the  model,  constraints  and  objective  function  that 
will  be  used  throughout  this  research  are  introduced,  it  is  a truism 
that,  in  the  process  of  modeling  a system,  one  must  compromise  between 
accuracy  and  mathematical  tractability.  The  more  detailed  the  model  is, 
the  more  accuracy  can  presumably  be  achieved  but  at  the  cost  of  analytical 
complication.  In  a data— ccenuni cation  network  the  usual  approach  is  to 
look  at  each  message  or  packet  as  an  entity,  so  that  the  state  of  the 
network  is  describable  by  the  number  and  destination  of  the  messages  at 
each  node.  The  difficulty  with  this  approach  is  that  the  number  of  states 
becomes  enormous,  even  for  small  networks. 

The  approach  that  we  follow  (201  to  circumvent  this  difficulty  is  to 
realise  that  any  individual  packet  contributes  very  little  to  the  overall 
behavior  of  the  network.  Thus  it  is  not  really  necessary  to  look  separately 
at  each  of  these  messages.  In  our  approach  we  will  work  with  continuous 
variables,  rather  than  with  integer  number  of  messages,  bits,  etc.  This 
macroscopic  point  of  view  provides  a model  that  is  analytically  simpler 
than  the  classical  finite-state  models, 

2.2  The  Basic  Model 

Consider  a directed  communication  network  consisting  of  N nodes  and 
let 

V • {l,2,...,N}>  \N[  m N 

! A | means  cardinality  of  se^  A. 
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be  the  collection  of  nodes.  Similarly  let 
L * {1,2, 

where 

m m I* 

is  the  collection  of  links.  If  the  origin  and  termination  of  link 
Z are  o(Z)  * i,  and  t(Z)  * j respectively,  then  link  Z can  also  be 
denoted  as  arc(i,j).  The  networks,  containing  these  nodes  and  links, 
with  which  we  shall  be  concerned,  are  assumed  to  be  connected  in  the 
sense  that  for  each  pair  of  nodes  i,j  there  is  some,  not  necessarily 
directed,  path  going  from  i to  j.  If  none  of  the  paths  from  i to  j is 
directed  then  i cannot  communicate  with  j. 

Define : 

R • set  {i,j}  of  node  pairs  such  that  node  i cam 
communicate  to  node  j,  i^j . 

r. (k)  ■ amount  of  input  traffic  at  node  i whose  destina- 
1 tion  is  node  k,  f or  every  (i,k)  in  R. 

r(k)  - set  {r^k)}  of  inputs  over  all  i»<k. 

r ■ vector  whose  components  are  the  elements  r^(k), 
all  (i,k)  in  R,  in  some  prescribed  order. 

For  simplicity  r(k)  will  not  only  denote  the  set  defined  above,  but 
also  the  column  vector  whose  components  are  the  elements  of  the  set. 
Although  the  ordering  of  the  componenets  in  unimportant,  it  will  be 
convenient,  for  simplicity  of  notation,  to  consider  them  ordered  by 
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incr easing  subindex,  i.  Nbte  that  (k)  is  not  defined,  for  pairs  of 
nodes  i,k  such  that  i cannot  conmunicate  to  k,  that  is,  such  that  there 
exists  no  directed  path  fronr  i to  k. 

If  every  pair  of  nodes  can  communicate  then  set  R will  have  w(H-l) 
elements,  without  loss  of  generality,  and  in  order  to  simplify  notation, 
we  will  assume,  unless  otherwise  specified,  that  the  network  is  strongly 
connected  and  therefore  |R|  * ti(N-l) . 

We  will  say  that  any  traffic  in  the  network  is  commodity  n traffic 
if  the  final  destination  of  that  traffic  is  node  n.  We  shall  also, some- 
times, say  that  the  traffic  is  commodity  (m.n)  traffic  if  the  origin 
was  node  a and  the  final  destination  is  node  n.  Thus,  R is  the  set  of 
all  commodities  (m,n)  that  can  flow  in  the  network. 

We  also  dbflne 

(*>  ■ oo— odity  k traffic  flowing  over  link  l 

[we  shall  also  eomat-tmae  write  f.  (k)  as 
f^k)  whan  l - arc(i,j)l, 

UO  » total  or  aggregate  traffic  flowing  over  link  l, 

ftk)  » vector  corresponding  to  the  set  {f.  (k) , all, 

1 

f all  arc(i,j)  « L,  all  (i,k>  6 R> 

• sat  of  all  axistiag  flows, 

f - vector  corresponding  to  the  set  F, 

» capacity  of  link  1. 

we  assume  that  all  traffic  defined  for  k,  i.e. , all  commodity  k traffic, 
is  removed  from  the  network  whan  it  reacha  k.  Thus,  no  traffic  for  k 
flows  outward  from  kr  and  f^ (k)  is  dafined  only  for  all  L e L such  that 
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o(C)  ^ k.  Many  other  situations  can  be  reduced  to  the  model  described 
just  by  adding  or  substracting  nodes  and/or  links. 

The  reader  should  not  be  disturbed  by  the  fact  that  we  have  not 
assigned  units  to  any  of  the  variables  defined  above.  Por  our  problem, 
the  units  are  immaterial  as  long  as  it  is  understood  that  all  quantities 
and  variables  are  measured  consistently  (e.g.,  by  number  of  messages, 
by  bits/seconds,  by  number  of  calls,  etc.).  The  only  restriction  we 
make  is  that,  as  mentioned  in  section  2.1,  the  units  are  such  that, 
after  appropriate  normalization,  the  amount  of  traffic  can  be  well 
approximated  by  continuous  variables. 

The  flows  just  defined  must  satisfy  three  basic  constraints:  non- 
negativity, conservation,  and  capacity-consistency.  The  nonnegativity 
constraint  states  that 

f^(k)  >_  0,  all  Z e L,  k e N.  (2.2.1) 

The  conservation  constraint  accounts  for  the  fact  that  all  traffic  that 
comes  into  each  node  must  go  out  again  unless  this  node  is  its  final 
destination.  This  constraint  cam  be  written  as 


Z f.  . (n)  - Z f (n) 
j 3 k 


i ^ n 


i * n 


(2.2.2) 


Summing  over  i in  (2.2.2),  we  see  that  the  equation  corresponding  to 
i-n  is  redundant.  In  other  words  (see  (22] , page  123) , the  balance 
of  flow  at  N-l  nodes,  and  the  knowledge  that  input  equals  output,  to- 
gether imply  the  balamce  of  flow  at  the  remaining  node. 


■» 


— - fci. i-afcr ^ 


*—1w 


Finally,  the  capacity  constraint  la  that 


fi±Cl 


all  t e L. 


(2.2.3) 


n»f4nitlcam  a set  of  flows  f i»  a feasible  multicommodity  flow 
for  the  inputs  r > 0 if  (2.2.1)  and  (2.2.2)  are  satiafiad. 

Each  feasible  multicommodity  floe  represents  a particular  say  of 
routing  the  inputs  r to  their  destination-  ignoring  the  capacity  con- 
straint. Such  routings  can  be  Implemented,  in  the  presence  of  dynamic 
variations  on  the  inputs,  by  taking  the  dynamically  varying  traffic 
arriving  at  i destined  for  k and  allocating  it  to  outgoing  links  in  the 
proportions  given  by  flows 

It  will  prove  convenient  to  write  equations  (2.2.2)  in  matrix  form. 
For  each  commodity,  we  have 


where 


E.  f (a)  - b<n) 


b(n)  ■ Ib^(n)  , h^(n)  #..■•, b^.(n)l- 


(2.2.4) 


b^n)  ^ 


f'i"» 


i ^ n 


-E  r.  (n)  i - n 
1 


E is  an  N x L matrix  called  the  node-arc  incidence  matrix  of  the 
network,  f23) , that  is  independent  of  destination  node  n.  If  e^  is 
the  (i,t)***  element  of  E,  where  i refers  to  a node  and  l to  a link,  we 
can  define  E as  follows 


5ii  “ |“ 


1 if  o(fy  - i 
•l  if  t(i)-  • i 


0 otherwii 


(2.2.5) 
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We  saw  that  in  (2.2.2)  there  is  a redundant  equation;  this  translates 
into  a reduction  by  1,  from  full  rank,  of  the  row  rank  of  matrix  E.  If 
we  assume,  as  is  the  case  for  nonpathological  networks,  that  L > N, 
then, using  the  redundant  equation  argument,  one  cm  prove  [22],.  [23], 
that 

rank  E * N-l  . 

In  order  to  eliminate  redundancies  we  must  eliminate  one  equation  from 
(2.2.2)  and  one  row  from  E.  It  turns  out  that,  in  order  to  simplify 
further  calculations,  it  is  convenient  to  eliminate  the  equation,  and 
row,  corresponding  to  i-n.  If  E(rn)  represents  matrix  E without  row 

t*) 

n , then  (2.2.4)  reduces  to 

E(rn)  f(n)  • r(n),  n e N . (2.2.6) 

It  is  well  known  that  the  set  of  flows  satisfying  (2.2.6)  and  (2.2.1), 
i.e.  the  set  of  feasible  multicommodity  flows  according  to  the  definition 
above,  is  a convex  polyhedron  [24], 


2.3  A Linear  Objective  Function:  Min-Max  Routing 


The  attractiveness  that  a linear  objective  function  brings  to  a 


problem  that  already  has  linear  constraints  is  obvious.  In  particular 
the  linear  dependence  of  the  optimal  solution  to  changes,  without  certain 


bounds,  in  the  requirements  makes  the  problem  specially  appealing  from 


(*) Throughout  this  report,  if  D is  seme  matrix,  then  D(m)  will  denote 
the  n-th  row  of  matrix  D and  D(ni)will_denote  matrix  TJ  without  row  n. 
Similarly,  we  shall  write  D(cn)  and  D(cn) with  respect  to  columns. 
D(m,n)  will  denote  the  element  in  row  m column  n. 
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the  dynamic  point  of  view.  On  the  other  hand  the  availability  of  potent 
computational  tools  (i.e.,  the  simplex  method,  [24])  has  made  linear 
problems  highly  popular.  It  is  well  known  that  large-scale  programming 
problems  can  be  solved  if  they  possess  special  structural  characteristics 
that  can  be  exploited  by  a solution  method.  It  is  at  this  level,  i.e., 
the  development  of  techniques  that  exploit  these  special  structures, 
where  we  want  the  linearity  of  the  problem  to  appear  in  all  its  power. 

Our  purpose  is  to  use  the  known  results  of  linear  programming  to  deter- 
mine some  of  the  structural  properties  enclosed  within  a network 
problem.  Since  the  actual  form  of  the  objective  function  in  such 
problems  is  not  so  important,  so  long  as  it  can  be  considered  a 
"reasonable"  function,  see  [15],  [49],  we  anticipate  that  many  of  the 
properties  evidenced  by  the  linear  problem  will  give  eosm  light  to 
the  problem  of  optimal  routing  and  topologies  as  a whole. 

We  define  the  utilization  factor  or  saturation  level  of  a link 
as  the  quotient  f^/c^ . For  a given  routing  strategy,  there  will  be  a 
set  of  links  for  which  this  saturation  level  is  maximum.  This  set  of 
links  will  form  the  "bottleneck"  of  Idas  network  for  that  routing 
strategy.  The  idea  is  to  alleviate,  with  maxiswaa  resources,  the  traffic 
load  on  this  bottleneck,  by  choosing  an  appropriate  routing  strategy. 

In  other  words,  the  objective  is  to  minimise  the  greatest  saturation 
level  among  the  links  over  all  possible  routing  policies.  Therefore 
the  problem  is 


* 


4 


The  standard  way  to  treat  these  problems  [25]  is  to  consider,  say  a1, 
.is  the  maximum  saturation  level  and  minimize  the  value  of  over  the 
set  of  feasible  flows;  that  is 


min 

s.t.  <a:^  all  l e L (2.3.2) 

f feasible 

Stated  in  this  way,  the  problem  is  equivalent  to  considering  a 
network  with  the  same  topology  as  before  but  with  new  link  capacities 
equal  to  a^c^  instead  of  c^,  where  a1  > 0 is  a scaling  factor,  and  asking 
for  the  minimum  value  of  a1  for  which  there  exists  a feasible  flow  that 
is  consistent  with  the  new  capacities. 

It  is  easy  to  see  that  as  a1  reduces  to  some  value,  say  cx^,  a 
subset  of  the  links  is  bound  to  saturate , so  that  the  requirements  matrix 
cannot  be  satisfied  for  a1  < a^.  For  these  saturated  links  i,  (2.3.2) 
holds  with  equality:  this  implies  that  there  must  exist  a subset  of 
commodities  that  must  flow  through  the  bottleneck,  or  saturation  set, 
in  the  sense  that  all  the  flow  of  these  commodities  must  pass  through 
the  saturation  set. 

We  will  call 

S1  ■ the  subset  of  links  that  saturate  at  a1  • a*,  i.e., 
the  first  saturation  set  of  links 

R*  » subset  of  commodities  that  must  flow  through  S* 

These  subsets  will  be  defined  more  precisely  in  the  next  chapter. 

Therefore  by  solving  (2.3.2),  we  will  have  a triple  (a^S^.R1) 
with  the  property  that  no  feasible  flow  consistent  with  the  capacity 
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constraint  exist*  if  either 


i) 


sny  link  US1 


or  if 


has  its  capacity  reduced  beneath 


ii)  any  requirement  r (n) , s-.t.  (a ,n)  6 R , is  increased 
while  all  other  requirements  are  held  fixed,  and  the 
link  capacities  remain  at  the  value  a~c^ 


■mere  a_  a many  problems  that  can  be  formulated  in  a way  mathemati- 
cally r*  to  the  on*  just  described.  For  instance  the  problem 

of  emptying  a network  of  an  accumulated  backlog  of  traffic  as  fast 
as  possible  is  of  this  type.  Furthermore,  it  can  be  shown  that  the 
formulation  can  be  extended  to  random  inputs.  For  all  these 
related  problems  see  1101. 


2.4  Higher  Order  Criteria  for  the  Linear  Objective  Function t 

The  Successive  Saturation  Problem 

It  can  be  expected  that  many  feasible  flows  will  solve  (2.3.2) , 
or,  in  other  words,  that  there  will  exist  many  possibilities  to 
accommodate,  or  route,  the  commodities  not  in  R . . Because  of  this 
circumstance,  w#  may  ask  for  the  "best"  among  the  many  solutions.  One 
way  to  approach  this  question  will  be  to  apply  the  same  minimax 
criterion  to  the  part  of  the  network  not  bound  by  the  solution  of  the 
first  saturation  problem,  we  may  therefore  seek  next  to  minimize  a 
parameter  a2  which  characterizes  the  network  obtained  by  damping  the 
capacities  in  S1  and  scaling  the  rest  of  the  network.  The  new  problem 


all  l e L 

otherwise 
f feasible 


can  then  be  stated  as 


min  a 
s.t. 


- * A, 


t 


» 


(2.4.1) 


If  a2  is  the  minimum  value  of  a2  for  which  a feasible  flow  exists, 

2 

there  must  exist  a set  of  links , S # that  must  saturate  and  an  additional 

2 2 
set,  R , of  commodities  that  must  flow  through  S . It  is  clear  that 

1 2 

some  commodities  in  R may  also  utilize  links  of  S , since  they  must 

go  from  their  source  to  S3,  and  from  to  their  destinations  in  some 

2 

way.  But  it  is  also  clear  that  no  commodity  in  R will  use  links  of 
S1,  by  definition  of  the  various  sets.  We  have,  therefore,  divided 
the  links  and  commodities  into  disjoint  subsets  and  established  a 
hierarchical  order  among  them. 

It  may  happen  that  the  solution  to  (2.4.1)  is  not  unique.  The 

2 

procedure  could  then  be  repeated  by  clamping  the  links  in  S at 

capacity  and  scaling  (by  a3)  those  links  of  the  network  that  are 

1 2 

neither  in  S nor  in  S . Continuing  to  iterate  in  this  way  until  we 
find  a unique  solution  to  the  corresponding  problem  or  we  have  exhausted 
all  links,  we  ultimately  generate  a finite  number  of  triples  (OQ,Si,Ri) 
with  the  following  properties 


i) 

a0  > a0  >“ 

.>  aM  > 
o — 

ii) 

sin  s3  * <j> 

rxo  Rj  - <t> 

i t j 

iii) 

* i + 

U S1  - L 

i-1 

M 

U R1  » R 
i-1 

Remark:  In  order  for  this  property  to  be  satisfied  we  make  the  agree- 
ment that  if  after  finding  a unique  solution  ther^  still  remain  links 
not  included  in  any  S , then  each  of  these  links  is  associated  with  a 
new  saturation  set  and  these  new  sets  are  ordered  by  decreasing 
saturation  levels.  The  corresponding  conmodities  are  similarly  treated. 
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iv>  c£  » OqC4  if  t e sl,  M 

The  {c|}  are  the  link,  capacities  of  the  "smallest" 
network,  obtainable  from  [c^]  by  scaling,  that  still 
satisfies  r. 

v)  If  the  arrow*  in  Figure  2.4.1  represent  "the  right 
to  flow  through,"  then  this  figure  indicates  the 
hierarchies  established  by  the  solution  procedure 

Requirement  subsets  saturation  sets 


Figure  2.4.1 

vL)  If  f^  is  the  set  of  optimal  solutions  for  the  1th 
saturation  level  problem  then  we  have 

3 fjD-.OfJ 

All  these  properties,  in  particular  v)  and  vi)  give  rise  to  a layer 
hierarchy,  according  to  the  terminology  of  [26] . This  hierarchy  of 
decision  layers  describes  cases  where  there  is  a family  of  decision 
problems  whose  solution  can  be  carried  out  optimally  in  a sequential 
manner,  and  yet  which  are  coupled  in  the  sense  that  the  solution  of 
any  problem  in  the  sequence  fixes  sons  parameters  in  the  subsequent 
problems* 

In  this  particular  case  the  original  or  global  problem  can  be 
states  in  several  equivalent  ways.  We  will  consider  two  of  them  below: 

* 


■- 


-33- 


- Global  problem:  form  1 ^ ^ 

_ K 
min  E cl, 

ZeL 

£Z  1 V* 

f feasible 

In  this  case  ot^  is  the  saturation  level  of  link  Z and  K is  a 
large  constant.  Since  the  objective  function  gives  a bigger  weight 
to  larger  saturation  levels,  then  the  optimum  solution  of  the  problem 
will  minimize  the  larger  levels  as  much  as  possible.  The  constant  K 
has  to  be  choosen  large  enough  to  guarantee  that  no  pair  of  levels 
can  exchange  resources  among  themselves,  in  the  sense  that  the  ob- 
jective function  can  never  be  reduced  by  decreasing  some  saturation 
level  at  the  expense  of  the  increment  of  some  lower  level  saturation. 

- Global  problem:  form  2 

We  can  think  of  many  possible  ways  to  formulated  an  equivalent 
global  problem  with  a linear  objective  function  instead  of  a non- 
linear one.  This  counterpart  is  that  some  of  the  constraints  will 
not  be  linear.  One  such  global  formulation  which  must  also  be  solved 
in  a sequential  manner,  is  given  below: 

M r l 

min  Z (M-i)a 
i-1 

M i i 

£ t 2 x^a  ]e4  all  ZeL 
•This  form  was  suggested  by  R.G.  Gallager. 


A 


1 MMM 
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4-1.0 

1 4 - 1 

a1  > aj  > 0 aU  j > i 

f feasible 

The  idea  behind  this  f ora  is  to  make  explicit  in  the  statement  of 
the  problem  that  there  will  be  some  links  that  will  have  a common 
saturation  level.  The  x variables  assign  saturation  levels  to  links. 
The  constant  H can  be  chosen  equal  to  the  number  of  links , L,  since 
once  all  links  have  a given  saturation  level  a assigned  to  them  the 
remaining  a*  can  be  choosen  equal  to  zero.  The  linearity  in  the 
objective  function  is  obtained  by  penalising  larger  values  of  a 
more  heavily  by  using  a multiplying  coefficient  (M-i)K  that  decreases 
when  i increases  (that  is,  when  the  saturation  level  decreases) . As 
in  Form  1,  K is  a constant  that  has  to  be  chosen  large  enough  to 
guarantee  that  no  pair  of  distinct  levels  can  exchange  resources  among 
each  other. 

The  purpose  of  writing  the  global  problem  in  this  form  is  to  make 
the  layer  hierarchical  structure  of  the  problem  more  apparent.  The 
manner  in  which  the  subprobleme  fit  into  the  global  problem  is  also 
clearer. 

With  this  structurs,  ws  have  a subproblem  for  each  i,  and  each 
of  these  subproblems  determines  the  parameters  x*  and  oti  for  lower 
subproblems.  This  subproblem  is  equivalent  to  the  min-max  problem, 
for  the  1th  level,  that  we  had  before  except  for  the  fact  that  the 
objective  function  has  been  multiplied  by  a constant. 

‘i 

. - :.rr  - -ay.  - -*^.7-.  ^ - - - - : 


Now  we  present  an  example  that  illustrates  the  nature  of  the  min- 
max  solution  for  a three  node  network. 

Example  2.4.1 

Consider  the  network  of  Fig.  E2.4.1a  with  the  following  requirement 
vector 

r - [r2(l),  r3(l),  ^(2),  r3(2),  ^(3),  r2  (3)  1 - 
- [4,  8,  5,  1,  1,  3] 

■ 10,  all  l 

Fig.  E.2.4.1a 

Suppose  we  decide  to  accomodate  these  requirements  via  the  direct  link 
between  each  pair  of  nodes,  then,  we  have  the  flow  distribution  of  Fig. 
E.2.4.1b 


Fia.  E.2.4.1b 


For  this  flow  distribution  the  link  with  the  highest  saturation  level 
is  link  g.  He  can  reduce  this  maximum  saturation  level  if  we  route 
part  of  commodity  (3,1)  via  node  2 . Since  by  doing  this  operation  we 
also  increase  the  saturation  level  of  both  links  b and  c the  maxiimun 
amount  of  commodity  (3,1)  that  could  be  placed  on  the  new  path  while 
minimizing  the  maxi mum  saturation  level  of  all  the  links  of  these  two 
paths  will  be  given  by 

“g  " "“{V  ac} 

and  the  solution  is  represented  in  Fig.  E. 2. 4.1c 


Since  far  this  solution 

- “b  - °-6  » V V V a. 

and,  furthermore,  one  cannot  further  reduce  or  we  cam  conclude 
that  Fig.  E. 2. 4.1c  represents  an  optimal  solution  for  the  first 
saturation  problem  with 


<Xq  -0.6,  Sx  - {b,g},  RA  - {(2,1),  (3,1)} 


Observe  also  that  the  solution  represented  in  Fig.  E. 2. 4.1c  is  not 
the  unique  solution  far  the  first  saturation  problem.  In  fact  there 
are  infinite  ways,  and  thus  infinite  solutions,  to  arrange  commodity 
(1,2),  for  instance,  through  both  link  a and  via  node  3 without  increasing 
the  saturation  level  of  links  b and  g or  bringing  the  saturation  level 
of  any  other  link  up  to  the  value  - 0.6.  Because  of  these  facts 
we  can  attempt  the  solution  of  a second  saturation  problem.  According 
to  (2.4.1)  we  will  try  to  min {max (a  , a , a.,  a )}  without  increasing 
or  cig.  Is  very  simple  to  see  that  the  solution  to  this  problem  is 
that  represented  in  Fig.  E.2.4.1d, 


S2  - {a,c},  R2  - {(1,2),  (3,2)} 


where  now 


aQ  - 0.4, 


L 


In  Chapter  II  we  formulated  our  optimization  problem  as  a sequence 
o£  decision  problems  having  the  structure  of  a layer  hierarchy,  accord- 


ing to  [26].  Here  in  this  chapter  we  will  concentrate  in  the  first 
problem  of  this  hierarchy.  In  this  section,  in  particular,  we  will  give 
a linear  programing  formulation  to  this  first  problem. 

From  (2.3.2)  and  (2.2.6)  we  have  that  the  first  saturation  problem 
is  given  by 


min  a1 

Z f . (n)  - o^c,  < 0 

all  4 e L 

(3.1.1) 

n 

E(rn)f(n)  - r(n) 

all  n « M 

* 1 

We  could  add  the  constraint  a <_  1,  but  me  prefer  instead  to  conclude, 

whenever  o1  > 1,  that  some  additional  capacity  is  needed  in  order  for 
the  network  to  be  able  to  accomodate  the  traffic  flow. 


X > 0 


«htn 

n*  a «•••£»  £^(D »»••#  «j,(»))  “ 

- <CT(2) f*«»  - (ol,s*,fT> 

it  „ i.i.  (»-l)  1 vector  (xccftll  thrt  fyttl  1«  «o*  d^W).  «1<*  •’ 


» vector  of  slack  vacisblas,  eoa  for  each  Uak.  .kick  d*a  O.  "°unt  °! 
mam»  capacity  to  r~c»  -toratic.  for  a o1  «d  flo.  41s«lb«io.. 


(3.1.3) 


is  aa  Is+«(K-1)  by  W*1  matrix  ahere. 


# c (L)  ■ 


Is  tbs  capacity  vector 


. B(ri)  is  tha  incidence  matrix  to*  de.tinationi  as  dsfinad 
infection  2.2.  Siacs  as  aa  eaidjsetore  f^d)  is  not 

dafiaad  aa  will  conaidar  that  K(ri)  does  not  include  tha 
colons  cocreepoading  to  tha  links  leaving  noda  i. 


• X is  aa  identity  matrix  of  dimension  L,  and 

* XOO  is  an  identity  matrix  aith  tha  columns  corresponding  to 
links  originating  at  node  k delated. 


m 


Note  that  not  all  I (k) , and  therefore  not  all  E (rk) , are,  in  general, 
of  the  sane  dimension,  because  the  number  of  columns  of  1 00  and  E(rk) 
is  equal  to  L-od(k),  where  od(k)  is  the  outdegree  of  node  k,  see  [27]. 
Thus,  unless  od(k)  “ od(i),  all  i,k  e N,  not  all  X(k)  will  have  the 
same  dimension. 

Example  3.1.1 


For  the  three  node  network  below 


Finally,  the  vector 


(3.1.4) 
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in  an  L + N(N-l)  column  vector. 

The  dual  linear  programming  problem  for  (LP1)  can  be  written  as 


(DPI) : 

max  X1  b 

X1  A^y1 

where 

X1  - (ir1,  a1)  - (ir1,  ol(l),...,  a1^)) 


(3.1.5) 


is  an  !•  -f  N(N-l)  vector  of  dual  variables,  and  y1  ■ (1,0,..., 0)  is  an 
NL  + 1 row  vector.  Vector  ir*  is  an  I,  components  row  vector  corresponding 
to  the  first  L rows  of  aS  therefore  vector  ir*  has  one  component  per 
link  of  the  network  and  irj  will  be  the  component  associated  with  link  £ . 
Vector  a1(n)  is  an  N-l  components  row  vector  that  correspond  to  the  N-l 
conservation  equations  associated  with  commodity  n;  component  c*  (n)  will 
be  the  component  associated  with  ccmeodity  (m,n) . 

We  will  see  later  seme  physical  and  mathematical  interpretations 
of  these  dual  variables.  For  simplicity  of  notation,  and  because  the 
first  saturation  problem  will  be  the  most  extensively  studied  in  this 
thesis,  we  will  write  the  dual  variables  corresponding  to  this  problem 
without  the  superscript  1 whenever  we  feel  that  there  is  no  reason 
for  confusion. 

Constraint  Xa1  £ y can  be  separated  into  the  following  set  of 
inequalities : 


L 

- z 

£-1 


Vi 


< 1 


ir4  < o,  all  £ 6 L 

n 


d(n)  E(rn)  < -it 


From  these  inequalities,  the  complementary  slackness  theorem  of 


Ui)  ft(n)  > 0 ->  -wt  . <ro(t)  - at(M  („) 


□ 


Now  we  will  use  the  strong  duality  theorem  of  linear  programming, 
see  [28]  page  72,  to  prove  the  following  result  that  gives  the  first 
interpretation  of  the  dual  variables. 

Theorem  3.1.2 

If  Oq  is  the  optimal  value  of  the  first  saturation  level  then 
, N N 

on  ■ Z Z a. (n)r. (n) 

i-1  n-1  1 x 


n*i 


° l-l  1 1 l e sj  1 1 


(3.1.7) 


where  {ir^}  and  {o^  Cn) } are  values  of  an  optimal  solution  of  the  dual 
problem,  f^  is  an  optimal  aggregate  flow,  and 

sj  - U|1  e L,  • 0}  (3.1.8) 

Proof t 

From  Chapter  IX  we  know  that,  based  on  physical  grounds,  (LP1)  has 
a finite  optimal  solution.  Using  now  the  duality  theorem  we  conclude  that 
correspondingly  (DPI)  has  also  a finite  optimal  solution  and  that,  further- 
more, the  corresponding  values  of  the  objective  functions  are  equal.  We 
can  write  in  this  way 

. N UN 

a^«Xb»or«  Z a(n)r(n)  ■ Z I a.  (n)r.  (n) 
nel  i-1  n-1 

r*i 

that  proves  the  first  expression. 

To  prove  (die  second  set  of  equalities  of  (3.1.7)  note  that 

s*  - alcl  “ V 

multiplying  both  sides  of  this  equation  by  ir^  and  sunning  over  all  links 
for  which  s^  « 0 we  have 

a0  1 " ,2^1 
lest  * * ies: 
o o 

The  use  of  i)  and  ii)  of  Theorem  3.1.1  on  previous  equality  gives  the 
second  relation  in  (3.1.7)  . 

QeSeDe 


Ail  immediate  consiqutnct  of  this  theorem  is  the  following  h 
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Lean*  3.1.1* 

If  bx^ln)  is  a small  increment  in  commodity  (i,n)  (assusdng  all 
other  requirements  are  constant) * which  does  not  cause  the  optimal 
basis  to  change^  then  the  corresponding  increment  in  the  cost  function 
is  given  by 

Aai  ■ a. (n)  dr. (n)  (3.1.9) 

0 i i 

□ 

For  any  problem  that  is  able  to  accept  small  requirement  increments 
without  changing  optimal  basis  we  can  easily  interpret*  from  this 
Leosa*  the  dual  variable  ?i<n)  as  the  sensitivity  of  saturation  level 
(Xq  with  respect  to  small  changes  in  requirement  r^(n). 

3.2  Optimal  Solutions.  Uniqueness  and  Degeneracy 

An  optimal  solution  to  (LPl)  can  be  written*  for  a given  require- 
ment vector*  as 

• b°  • B 

(3.2.1) 

" ° 

where  Xg  are  the  basic  variables*  x*  are  the  non  basics  and  B is  the 
basic  matrix.  Since  the  first  L components  of  b are  equal  to  sero,  we 
can  partition  B*1  into  two  blocks  in  such  a way  that 

•Theorems  and  Learns  will  have  independent  numbering.  Corollaries  will 
have  the  same  number  as  the  corresponding  Theorem  or  Learns*  except 
that  the  number  will  be  proceeded  by  an  I*  whenever  the  corollary 
corresponds  to  a Lemma. 


u. : 


- a'1*  - tDj,  n2J.f-2-i  - d2® 


(3.2 .2) 


If  the  requirement  vector  changes  fro*  r to  r + Lx,  an  eleaentary 
sensitivity  analysis,  [24] , [29] , shows  that  the  basic  solution 
(x^,  x^)  • (02(t  ♦Ar) , 0)  r wains  optimal  as-  long  as  D2(r  + Ar)  _>  0,  sir 


dual  feasibility 


j-  an'  a 


in  whicti  the  optimal  basis 


cone,  on  the  ^space*  defined  by 


°2r  > ° ► 


r wains  optimal  as  long  as  D2(r  + Ar)  > 0,  since 
lwantary  slackness  are  unaffected. 


variable,  we  find  that  the  range  of  r with- 


uncfaangsd  is  given  by  the  polyhedral 


(3.2.3) 


As  long  as  r moves  within  the  boundaries  of  this  polyhedron , the  values 
of  tiie  basic  variables  can  be  obtained’  by  (3.2.2) . Since  this  expression 
is  a T1  near  function  of  t,  we  will  call  the  region  described  by  (3.2.3) 
the  linear  radon  far  basis  B. 

We  said  before  that  an  optimal  solution  to  OP1)  is,  in  general. 


highly  non-unique  since  it  leaves  many  degrees  of  freedom  with  respect 
to  the  routing'  of  i n— mill  lea  not  in  R^.  On  the  other  hand,  we  have 
not  said  anything  yet  regarding  uniqueness  or  not  of  the  dual  problem 


CDP1) . this  is  am  important  question  that  we  will 


in  this 


section  and  for  which  the  idem  of  degenerate  solution  is  important. 

X degenerate  solution  in  linear  programing  is  a basic  solution 

-l 

that  has  a basic  variable  equal  to  sexo.  Since  we  have  ti»  types  of 
variables  that  can  be  basics,  flow  variables  and  slack  variables*,  we 


* Although  a1  is’  a basis  variable  it  will  not  be  included  in  this 
reasoning  because  a*  cannot  be  equal  to  zero  unless  r«0. 


we  will  have  to  types  of  degeneracy: 


link  degeneracy,  when  a basic  slack  variable  is 
equal  to  zero,  s^  • Oj 

flow  degeneracy,  when  a basic  flow  variable  is 
equal  to  zero,  f^  (n)  » 0. 

If  a problem  has  more  than  one  solution,  as  will  happen  in  general 
with  (LP1) , the  fact  that  we  have  one  degenerate  solution  does  not 
necessarily  imply  that  all  solutions  will  be  degenerate.  If  all  optimal 
solutions  are  degenerate  we  will  say  that  for  the  present  value  of  r 

l 

(LP1)  is  degenerate;  otherwise,  (LP1)  will  be  non -degenerated.  It  is 
well  known  from  linear  programming  (see  [29] , Chapter  6)  that  a non- 
degenerated optimal  solution  can  always  absorb  a small  increment  (posi- 
tive or  negative)  in  its  right-hand-side  (RHS)  without  changing  basis. 
For  a degenerate  optimal  solution,  on  the  other  hand,  this  claim  is 
not  true  because  we  can  always  find  arbitrarily  small  changes  in  the 
RHS  th*t  force  a change  of  basis. 

Def ^Titian  3.2.1 

For  a given  requirement  vector  r,  problem  (LP1)  will  be  said  to 
be  stable,  or  to  be  at  a stable  point,  if  for  any  Ar,  such  that 
r + Ar  > 0 , we  can  find  a positive  real  number  such  that  for  any 
E < there  exists  an  optimal  solution  to  a modified  problem,  with 
r+er  as  RHS,  having  the  same  optimal  basis  as  an  optimal  solution  of 
(If  1) . Otherwise  r will  be  an  unstable  point  for  (LP1) 
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An  immediate  consequence  of  this  definition  and  previous  discussion 
is: 

La—a  3.2.1 

If  (LPl)  has  a nondegenerate  solution,  then,  (LP1)  is  at  a stable 
point. 

□ 

How  we  want  to  relate  stability  and  degeneracy  for  (LP1) . All  de- 
generacy problems  arise  from  the  nature  of  the  RHS  vector.  Suppose  that, 
for  (LP1) , the  requirement  vector  r is  such  that  acne  of  its  components 
are  equal  to  zero.  In  this  case  it  might  happen  that  every  optimal 
solution  would  contain  some  basic  flows,  the  same  for  all  solutions, 
which  are  equal  to  zero.  In  the  standard  linear  programming  terminology 
the  variables  that  are  zero  in  every  solution,  no  matter  whether  they 
are  basics  or  not,  are  called  hull  variables,  (see  [28]  page  91)  and  they 
can  be  treated  by  deleting  the  corresponding  columns  of  matrix  A and 
adjoining  the  equalities  x^  • 0 for  these  variables.  When  we  are 
interested  in  the  dynamic  evolution  of  the  system  to  changes  in  the 
RKS,  as  will  be  the  case  her  a,  the  standard  treatment  given  to  null 
variables  is  not  quite  adequate,  because  the  information  carried  on  by 
deleted  columns  will  be  needed  at  subsequent  stages.  We  will,  therefore, 
keep  these  colons  in  our  problem  formulation,  this  fact  forced  us  to 
give  special  treatment  to  these  basic  null  variables.  The  following 
theorem  is  a known  result  to  detect  null  variables. 

Theorem  3.1,1  ((28],  page  92) 

If  (LPl)  has  at  least  one  solution,  the  variable  x^  is  a null 
variable  for  this  problem  if  and  only  if  there  is  a nonzero  vector  \ 
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such  that 


XA1  > 0 


Xb 


and  the  i-th  component  of  XA  is  strictly  positive. 

□ 

Suppose  that  for  a given  vector  r we  have  detected  all  null  variables 
and  let  xQQ  be  the  subset  of  such  variables  that  are  basic  for  a given 
optimal  solution.  If  x - (x^,0)  is  such  an  optimal  solution  and  B is 
the  optimal  basis  we  can  write,  from  (3.2.2)  and  after  appropriate  re- 
ordering , 


!§o 

L*BiJ 


“D2r 


(3.2.4) 


Assume  now  that  r has  some  zero  components  and  that  by  reordering  equa- 
tions we  can  write 


BO 


Si 


• 1D20  °21> 


0- 


°20C0  * °21rl 


where  r„  ■ 0 and 


*B0 


- 0. 


Partitioning  D2Q  and  D21  we  can  write 


20 

L°2QJ 


ro  + 


21 


4 


(3.2.5) 


According  to  the  definition  of  stability  the  only  part  of  this  last 
expression  that  can  cause  trouble  is  xBQ,  where 

*B0  * °20r0  * °21rl 


0.  Zt  follows  that 


Kcw  consider  the  cAse  in  which  Xg0  » 0 iff  rQ  " 
we  must  have  • 0 ard 

*B0  " °20r0 


If  we  make  a change  in  rQ  then 

^0  * °20  **0  ' <3‘2*7) 
but  since  rQ*  0,  ArQ  must  be  positive  because  we  cannot  have  negative 
requirements.  Therefore,  the  new  value  of  the  variables  in  (namely, 
xBQ  + bx^Q  - Ax^)  will  be  positive  for  any  positive  ArQ  iff  D°0  is  a matrix 
of  positive  elements.  Since,  by  hypothesis,  D^-0  and  D^q  is  a positive 
matrix,  we  have  that  rT  • [fcj  r*]  - [0  r*]  is  a stable  point  for 
(LP1)  in  spite  of  the  problem  being  degenerate.  Note  that  this  is  pos- 
sible only  because  ArQ  is  not  allowed  to  be  negative. 

From  these  results  we  can  write 


Lenma  3.2.2 

If  (1£1)  has  a degenerate  solution  where  all  zero  basic  variables 
are  null  variables  due  to  some  requirement  being  equal  to  zero,  then 
(Ifl)  is  stable. 

□ 

Because  of  this  result;  and  since  many  requirements  can  be  zero 
throughout  a period  of  operation  of  the  network,  it  is  obvious  that 
we  should  be  more  interested  in  stability  than  in  degeneracy.  We 
begin  by  summarizing  soma  important  results  of  duality  in  linear 
programing . 
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Theorem  3.2.2  ([241  page  144,  [29]  page  268) 

i)  A non-degenerate  optimal  solution  for  the  primal  problem 
•">  A unique  optimal  solution  for  the  dual. 

ii)  A unique  degenerate  optimal  primal  — > A non-unique  optimal 
dual 

iii)  A non-unique  optimal  primal  —>  A degenerate  optimal  dual 

iv)  A non-unique  optimal  dual  ”>  A degenerate  optimal  primal 

□ 

Now  we  will  prove  an  important  theorem  concerning  the  stability 
of  (LP1): 

Theorem  3.2.3 

A necessary  and  sufficient  condition  for  (LP1)  to  be  at  a stable 
point  is  that  (DPI)  has  a unique  solution. 

Proof; 

Consider,  first,  that  (DPI)  has  a non-unique  solution  and  that 
t^Cn)  and  cr  (n)  correspond  to  two  different  solutions.  Then,  from 
(3.1.9),  we  con  write 

AaJ  - a^n)  Ar^n) 

Act*  - (^(n)  Ar^n) 

where  Ar^ (n)  is  an  arbitrarily  small  increment  in  requirement  r^ (n) , 
assuming  the  remaining  requirements  are  held  constants.  Thus,  since 
AOq  f AOq  we  have  that  a*  + AaJ  and  + Aa^  must  correspond  to  dif- 
ferent basic  solutions  and,  therefore,  the  point  is  unstable. 


Now  we  will  stow  that  an  unstable  point  for  (LP1)  implies  a non- 
unique solution  for  (DPI) . Consider  that  r is  an  unstable  point  for 
(API)  then  we  can  find,  at  least,  two  directions  of  change  A r and  Ar 
for  which,  for  any  arbitrarily  snail  positive  number  E,  r + eAr  and 
r + eAr  will  require  two  different  optimal  basis  in  the  solution  of 
their  corresponding  (API)  problems.  If  B and  B are  these  two  optimal 
basis  we  know,  from  duality  theory,  that  to  each  one  of  them  will  cor- 
respond a different  dual  solution 


Since  r can  be  interpreted  as  the  limit  j$  e + 0 of  r + EAr  and 
r + eAr,  from  the  linearity  of  the  problem  we  conclude  that  X and  X 
are  both  optimal  solutions  for  (DPI)  at  point  r.  Hence  (DPI)  is  non- 
unique. 

Thus  we  have  shown  that  (LP1)  is  unstable  iff  (DPI)  is  non-unique, 
which  is  logically  equivalent  to  the  statement  of  the  theorem. 

Q . E. D. 

Suppose  now  that  we  have  a stable  optimal  solution  with  a non- 
basic  slack  variable  s^  having  a zero  dual  variable.  Then  from  duality , 
[24]  Chap.  6,  we  can  find  another  optimal  solution  where  s£  is  basic 
and.,  from  stability,  nonnull.  Thus,  link  4,  in  spite  of  the  fact  that 
Sj^  ■ 0 for  the  first  basic  solution,  was  improperly  saturated.  This 
fact  lead  us  to  the  following  formal  definition  of  the  first  saturation 
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Definition  3.2.2 


For  a stable  optimal  solution  link  1 belongs  to  the  first  saturation 
set  S1  iff  ir„  < o 

4 □ 

From  (3.1.8)  and  this  definition  we  have  that,  for  a given  solution, 

S0  " sl  wil1  be  ****  set  of  unproperly  saturated  links,  i.e.,  links  with 

9l  m \ m °*  Also'  from  this  definition  an  obvious  corollary  of  Theorem 
3.2.3  is: 

Corollary  3.2.3 

At  a stable  point  the  set  S1  and  the  optimal  value  of  variables  {•nr  } 

x» 

and  {(^(n)}  are  unique. 


An  almost  immediate  consequence  of  Definition  3.2.1  and  Theorem  3.2.3 


Lemma  3.2.3 

At  a * stable  point  sets  S and  R cannot  be  divided  in  subsets 

{Rj } in  such  a way  that  commodities  in  R^  only  flow  through  links 
of  S^,  and  links  of  are  only  used  by  commodities  of  R^,  for  i 

and  j. 


Proof:  Obvious . 


With  respect  to  unstable  points  note  that,  from  Theorems  3.2. 2-3  and 
the  fact  that  any  degenerate  point  can  be  interpreted  as  the  limit  of 
a cluster  of  non-degenerate  points  (see  [29]  Chap.  6),  an  unstable  point 
can  be  treated  as  the  limit  of  a stable  point.  Thus,  these  unstable 
points  will  appear  at  the  boundary  line  separating  regions  of  stable  points. 


Ti« ter  we  shall  be  interested  in  the  dynamic  evolution  of  the  optimal 
solution  as  the  requirement  vector  changes.  The  fact  that  the  limit 
of  any  solution  as  it  approaches  an  unstable  point  remains  a solution  at 
the  boundary  itself  means  that  we  need  not  worry  about  the  direction 
from  which  the  boundary  is  approached.  Therefore,  for  simplicity,  most 
of  our  future  results  will  be  stated  for  stable  points  without  being 
concerned  about  loss  of  generality. 


3.3  Sol 


the  First  Saturation  Problem 


The  first  saturation  problem  can  be  solved  by  any  of  the  standard 
algorithms  used  to  solve  linear  programs,  e.g.,  the  simplex  method  [24]. 
The  special  structure  of  (LP1). , on  the  other  hand,  suggests  that  special 
programs  or  algorithms  might  take  advantage  of  this  structure  to  reduce 
the  computation  for  an  optimal  solution.  Fortunately,  there  already 
exist  techniques  that  have  produced  very  efficient  algorithms  to  solve 
problems  of  this  type,  see  £34J  and  £36]  for  a survey.  These  techniques 
have  been  developed  along  two  main  lines:  decomposition  techniques  and 
generalized  upper  bounding  approaches. 

Two  main  types  of  decomposition  are  currently  in  use:  one  based 
on  the  Dantzig- Wolfe  decomposition  techniques  [24] , and  usually  called 
price-directive  algorithms;  and  the  other,  based  on  subgradient 
optimization  £37] , and  called  resource  directive  algorithms.  These 
techniques  have  been  studied  by  Assad  in  [35]  for  general  multicommo- 
dity  problems  and  by  Defender fer  in  £11]  for  routing  algorithms  in 
computer  networks.  Defender fer,  in  particular,  has  applied  these 
techniques  to  this  same  first  saturation  problem  and  has  an  excellent 


jr 
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discussion  and  comparison  of  the  various  decompositions  used.  He  gives 
the  advantages  and  disadvantages  of  decomposition  by  trees,  extremal 
flows  or  chains  depending  on  the  size  and  solution  stage  of  the  problem. 

Generalized  upper  bounding  approaches  are  based  on  techniques  de- 
vised by  Dantzig  and  Van  Slyke  [30].  There  are  two  main  formulations, 
namely  the  node -arc  formulation  [31] , [32]  and  the  arc-chain  formula- 
tion [33].  These  techniques  appear  very  promising  since  they  exploit 
the  special  structure  of  the  linear  program  solution  and  make  use  of 
whatever  simplification  may  arise  due  to  the  network  structure  of  the 
matrices  involved.  Because  of  these  facts  they  make  extensive  use  of 
some  graph-theoretic  results  related  to  the  graph  supporting  the  network. 
Our  work  in  the  following  chapters  will  be  much  within  this  same  spirit, 
i.e. , make  as  much  use  as  possible  of  the  special  structure  and  topology 
of  the  problem  to  develop  a set  of  properties  that  not  only  simplify 
the  actual  computation  of  the  solution,  but  also  contributes  to  the 
understanding  of  the  physical  behaviour  of  the  optimal  solution  of 
these  type  of  problems.  In  fact  this  second  purpose  will  be  our  major 
concern  in  this  thesis. 

Also  deserving  of  mention  is  a nonlinear  approach  that  converges 
to  an  optimal  solution  of  (LP1)  and  was  suggested  by  Defen derfer  [11] . 

It  has  the  attractive  features  of  being  quite  efficient  and  allowing 
the  program  to  stop  whan  it  approximates  the  optimal  solution  to  a 
specified  tolerance. 

3.4  Distance  interpretation  of  Dual  Variables.  Optimal  Solution  as 

a Shortest  Route  Problem 

In  this  section  we  will  use  many  of  the  results  already  obtained 


» 
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in  this  chapter  to  give  a distance  interpretation  of  the  dual  variables. 
From  this  interpretation  we  will  show  that  a shortest  route  criterion 
could  be  used  to  determine  all  allowable  paths  corresponding  to  an 
optimal  solution.  The  main  tool  of  this  section  will  be  Theorem  3.1.1. 
Following  the  reasoning  of  Section  3.2,  we  will  be  dealing  only  with 
stable  points.  From  Theorem  3.1.1  and  Definition  3.2.2  we  have: 


3.4.1 


At  a stable  point  the  following  relations  are  verified: 


Vi 


-1 


(.3,4.1) 


Vn)  >0,  i e S1  -»  Oo(A)(n)  - 

where 

s1  A L - s1 


(3.4.2) 


(3.4.3) 

□ 


Consider  that  for  commodity  (i,n) , with  r^n)  >0,  the  directed 
chain  i^,  i^,  ...  i^,  originated  at  node  i and  terminated  at  node  n, 
has  the  property  that  f,  Cn)  > 0 for  all  j - 1,2,  ...  k,  then,  we  will 

J 

say  that  this  directed  chain  is  an  allowable  path  for  commodity  (i,n) 
and  will  be  represented  by  P(i,n) . if  commodity  (i,n)  has  more  than 
one  allowable  path  we  will  differentiate  them  by  means  of  subindexes, 
e.g. , P^(i,n) , P^ (i,n)  etc.  From  iii)  of  Theorem  3.1.1  we  can  write, 
for  any  of  these  allowable  paths,  that 


^ In) 


"\+  °t(i 


% <n>  • 

1 *”1  *2 


(3.4.4) 


Z e P(i,n) 


57- 


Since  crtn)  is  independent  of  the  path  we  have 
Lenina  3.4.2 

The  sun  cf  the  link  dual  variables,  corresponding  to  am  optimal 
solution  of  (LP1) , along  every  allowable  path  of  any  coomedity  (i,n) 
is  equal  to  the  negative  of  the  cannodity  dual  variable  cr^(n). 

□ 

Prom  (3.4.4)  and  Lemaa  3.4.1  we  can  easily  prove,  using  P(i,n) 
to  represent  any  allowable  path  from  i to  n. 


Lemma  3.4.3 

ai(n)  “ ' £ 


\ > 0,  all  (i,n)  e P 


iesVlPU.n) 

0^  (n)  - 0 o->  s1  n PU,n)  » <J> 
where  0 is  the  empty  set. 


Prom  this  lenaa  we  can  write  the  following  formal  definition  for 

R1. 

Definition  3.4.1 

Comodity  (l,n)  will  belong  to  subset  R1  iff  o.  (n)  ft  0. 


If  we  interpret  — ir^  as  the  length  of  link  t and  define  the  dis- 
tance of  any  path  between  two  nodes  as  the  sum  of  the  lengths  of  its 
links,  then  we  can  summarize  all  previous  results  in  the  following 
theorem. 


Theorem  3.4.1 


Every  allowable  path  for  a given  coiunodity  (i,n) , as  given  by 
any  optimal  solution  to  (LP1)  (or  a convex  combination  of  solutions) , 
is  a minimum  distance  path  between  the  two  nodes.  This  minimum  distance 
is  equal  to  the  optimal  value  of  the  dual  variable  (n) . The  total 
distance  for  commodities  not  in  R*  is  zero,  and  therefore  all  paths 
for  these  commodities  are  through  links  of  zero  distance. 

□ 

A more  general  version  of  this  result  that  applies  to  any  loop- 
free  multicommodity  flow  problem  was  independently,  and  almost  simul- 
taneously, obtained  by  Gallager,  see  [17] . Since  the  solution  of  the 
first  saturation  problem  leaves  many  degrees  of  freedom  for  commodities 
not  in  r\  we  have  no  guarantee  that  an  optimal  solution  as  obtained 
from  (LP1)  is  completely  loop free.  In  fact,  this  is  one  of  the  main 
justifications  for  lower  saturation  level  analysis.  Nevertheless,  we 
can  claim  at  this  point  that  the  solution  has  no  loops  containing  links 
of  S1.  This  result  will  be  generalized,  in  Chapter  V,  to  include  com- 
plete loop-freedom  for  all  commodities  when  lower  saturation  problems 
are  considered. 

For  the  remaining  part  of  this  section  we  will  show  how  to  obtain 
an  integer  assignment  of  distances  from  the  one  just  described  in 
Theorem  3.4.1;  Theorem  3.1.1  gives  a set  of  conditions  that  vectors 
IT  and  a have  to  satisfy  in  order  to  be  optimal  solutions  of  the  dual 
problem  (DPI).  From  (3.4.4),  it  is  easy  to  see  that  if  t and  a satis- 
fy conditions  ii)  and  iii),  and  if  k is  a positive  real  number, 
then  kit,  ko  also  satisfy  ii)  and  iii).  Thus  we  have 


Lemma  3.4.4 


Conditions  ii)  and  iii)  of  Theorem  3.1.1  define  a ray*  on  the  A- 
space.  The  optimal  solution  of  (DPI)  is  the  point  (7T,o)  of  that  ray 
that  satisfies 


Z 


1 


-1  . 


□ 


From  this  Lemma  we  see  that  the  only  role  of  the  capacity  vector  c in 
fixing  the  optimal  point  for  (DPI)  is  through  equation  (3.4.1).  From 
(3.4.4)  and  iii)  of  Theorem  3.1.1  we  can  see  that  the  remaining  equations, 
beside  (3.4.1),  that  the  ir  variables  have  to  satisfy  is  a set  of  homoge- 
neous equations  with  0,  + 1 coefficients.  Thus,  if  c is  the  matrix  with 
these  0,  + 1 coeffcients,  we  can  write 


irfS1)  [c  (S1)  | cj  - irfS1)  Q - 

where  Q must  be  a square  full  rank  matrix.  (We  will  give  a physical 
interpretation  for  this  matrix  in  Chapter  IV,  and  we  will  see  that  it 
plays  a very  important  role  in  the  optimization  process.)  From  (3.4.6) 
we  can  write 


Thus,  from  Cramer  rule. 


det  C (r&) 

T.  

^ det  Q 


det  C(r£) 


c,  det  Ctrl) 

ies1 


, all  1 e s , 


(3.4.7) 


-We  will  say  that  p is  a ray  in  *n  if  P - {x|x  - aA,  x,Ae*n,  a e R,  a>0} 
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but  from  the  structure  of  matrix  C,  det  C(r£)  will  be  an  integer  number. 
From  these  facts  we  claim  that  and  a An)  will  have  the  form 


0 


1 


(3.4.8) 


where  and  ar*  non  negative  integers.  It  is  very  easy  to  see, 

by  sustitution,  that  (3.4.8)  in  fact  do  verify  conditions  i)  - iii)  of 
Theorem  3.1.1.  If  9 and  d are  the  vector*  with  coaponants  0^  and  d^(n) 
respectively,  it  is  also  very  easy  to  see,  for  any  real  coefficient 
k>0,  that  k (-0 , d) , also  satisfies  the  same  conditions.  Thus  (-0,d) 
is  a direction  with  integer  components  that  describes  the  same  ray  as 
(ir, a).  If  0^  of  (3.4.8)  is  the  minlmnm  common  multiple  of  the  de- 
nominators of  the  ir^'s  then,  (-9,d)  will  be  the  smallest  integer  point 
of  the  ray*,  in  tbs  future  whenever  we  refer  to  vector  (-6,d)  we  will 
assume  that  it  corresponds  to  the  smallest  integer  point  of  the  ray. 
Thus  S1  and  the  set  of  nonsero  flows  define,  for  a given  network,  a 
ray  in  the  X-space  that  is  independent  of  the  capacity  and  uniquely 
determined  by  the  integer  vector  (-0,d).  Vie  can  susnarize  these 
results  in  the  following 


Point  x is  the  smallest  integer  point  of  the  ray  if  all  components  of 
x «u:e  integer  and  kx  is  not  integer  for  any  0<  k<  1. 


a 
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Lemma  3.4.5 

S1  and  the  set  of  allowable  paths  define,  for  a given  network,  a 
ray  that  can  be  characterized  by  an  integer  vector  (-6,d),  defined  by 
(3.4.8).  The  smallest  such  integer  vector  is  obtained  when  <*  minimum 
comnon  multiple  of  the  denominators  of  the  it's.  **  van  the  information 
above  vector  (-6,d)  is  independent  of  the  actual  value  of  the  link 
capacities. 


The  independence  of  (8,d)  with  respect  to  the  capacities  will 
simplify  many  arguments  and  calculations,  since  once  S1  and  the  set  of 
allowable  paths  corresponding  to  an  optimal  solution  are  given,  a varia- 
tion on  the  value  of  the  capacities  will  only  affect  the  actual  value  of 
the  dual  variables  by  a scaling  factor.  Thus  many  computations  can  be 
carried  through  by  normalizing  all  capacities  to  one.  The  actual  values 
are,  then,  obtained  by  appropriate  scaling  whenever  they  are  needed.  We 
will  use  this  fact  in  section  4.5. 

An  immediate  consequence  of  Theorem  3.4.1  and  Lemmas  3.4.4  and  3.4.5 
is 

Theorem  3.4.2 

To  any  point  of  the  ray  defined  by  Leimnas  3.4,4  or  3.4.5  there 
correspond  a different  valid  distance  aassignment  to  describe  the  allow- 
able paths  according  to  Theorem  3.4.1.  In  particular  the  integers 
numbers  {S^}  defined  in  (3.4.8)  constitute  a valid  assignment.  For  this 
assignment  the  total  distance  for  any  allowable  path  of  commodity  (i,n) 
will  be  d^(n)  given  in  (3.4.8).  — 


From  now  on  8^  will  be  called  the  length  or  weight  of  link 

d (n)  will  be  called  the  distance  or  weight  of  coasnodity  (l,n)  and  d will 

1 ^ 1 
be  called,  from  (3.4.8),  the  total  equivalent  capacity  of  S . 

Given  a set  S*  one  night  suspect  the  existance  of  a relation  between 

the  value  of  the  largest  weight  in  {8^}  and  the  number  of  links  in  S . 

One  night  conjecture,  for  instance,  that  the  largest  weight  need  not  be 

larger  than  |s*|.  This  conjecture  is  false  and  we  have  found  a family 

of  exa^les,  see  Appendix  11,  where  the  maximum  weight  grows  exponentially 

with  the  number  of  saturated  links.  Furthermore,  these  examples  led  us  to 

a way  of  synthesizing  a network  with  any  given  set  of  link  weights 

provided  that  these  weights  are  possible  weights  for  a first  saturation 


set. 


Finally,  as  an  application  of  the  independence  of  8 with  respect  to 
the  capacity  values  we  will  obtain  the  change  in  the  value  of  aj  due  to 
a small  change  in  capacity  c£,  IBS1,  assuming  that  the  optimal  basis 


does  not  change.  Substituting  <J^(n)  from  (3.4.8)  in  (3.1.7)  and  using 
(3.4.5) , we  have 


“J  - -r  2 , 

D (i,n)  e R 


(3.4.9) 


If  we  have  an  increment  Ac^  in  c^that  does  not  change  the  optimal  basis, 
the  new  value  of  the  saturation  level  will  be  given  by 


+ Aa" 


1 

D1+AD1 


Y , d (n) r.  (n) 

(i,n)  8 RA 


(3.4.10) 


where 


D1  + AD1  - D1  + e^Ac^  . 


Substituting  (3.4.11)  and  the  sum  from  (3.4.9)  in  (3.4.10)  and  using 
(3.4.8)  we  have  the  following  result: 


Lemma  3.4.6 

The  variation  in  the  optimal  value  of  the  saturation  level  due  to 
a small  change  in  the  capacity  of  link  l,  that  does  not  induce  a change 
of  optimal  basis,  is  given  by 

1 • 1 

too-°o 

or  (3.4.12) 


(3.4.11) 


a1  + Ack| 

o o 


- \Ac4 


3.5  Graph  Theoretic  Properties  and  Bounds  Related  to  an  Optimal  Solution 


Consider  an  optimal  solution  to  (LP1)  and  assume  for  simplicity 

(*) 

that  the  solution  is  stable  and  r>0  . The  basis  corresponding  to 

this  optimal  solution  will  be  composed  of  the  following  variable: 

i)  nonzero  slack  variables,  i.e. , S^} 

ii)  nonzero  flows,  i.e.,  fb » {f^ (n) | f^ (n)  0} 

iii)  objective  function  a1 

Since  rank  » L+N(N-1)  any  basis  must  have  dimension  L + N(N-l) 
and  therefore  the  number  of  the  nonzero  flows  has  to  be 

|F0|  - L + N(N-l)  - (L  - |s0 I ) - 1 - N(N-l)  + |s£|  - 1 

k 

If  some  r (n)  - 0 we  can  make  r.  (n)  - e and  then  make  e -*■  0.  If  the  opti 
mal  solution  gives  f^  (n)  - g(e)1-*-  0 as  e -*■  0 we  will  consider  f„  (n)  >0 
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where  the  -1  accounts  for  the  fact  that  a1  is  a basic  variable . 

On  the  other  hand,  we  have  the  following  general  result  for  multi- 
commodity  flow  problems  in  which  r>0. 

Theorem  3.5.1  ([24],  pp.  356-7)  ([17]) 

Any  feasible  multicommodity  flow  must  have  in  its  basis,  for  each 
destination  (commodity)  of  the  network,  the  flow  components  of,  at  least, 
the  links  of  a directed  spuming  tree  with  such  destination  as  sink 
(assuming  a capacitiated  network  . ) 

□ 

This  means  that,  using  the  links  2.  such  that  f ^ (n)  >0,  we  must  be  able 

to  form  at  least  N spanning  trees,  one  for  each  conmodity.  since  any  spanning 

tree  must  have  N-l  link  components  (recall  that  we  assumed  that  any 

(*) 

pair  of  nodes  can  communicate  in  both  directions  ) , we  need  N(N-l) 
links,  and  thus  f^ (n)  > 0 variables,  to  form  those  trees.  Hence,  we 
still  have  |sj|  — 1 flow  variables,  f^ (n)  > 0,  that  have  not  been  in- 
cluded in  the  spanning  trees.  It  is  not  difficult  to  see  that  these 
additional  flows  will  create  alternate  paths  for  some  commodities. 

For  instance  if,  in  the  network  below,  f ^ (4)  >0  for  all  l,  then,  we 
have  two  allowable  paths  for  conmodity  (1,4).  Of  these  two  allowable 

4 


* 

Although  this  assumption  does  not  subtract  must  generality  from  the 
problem  and  many  results  are  unaffected  by  it,  we  will  relax  it  later 
in  this  section  to  obtain  some  results  that  are,  in  fact,  affected. 


^ 


-65- 
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l : — __ 


paths  one  will  be  in  the  spanning  tree  rooted  at  4 and  the'  other  will 


constitute  an  alternate  path. 

Lemma  3.5.1 

The  number  of  alternate  paths  given  by  an  optimal 

basic  solution  of  (LP1)  is  equal  to  |s*|  - 1. 

° □ 

From  Definition  3.2.2  we  know  that  if  js^l  > |s^|  then  the  elements 
of  - S1  are  elements  with  s^  = 0 and  71^  - 0 and  constitute  a set  of 
unproperly  saturated  links.  If  we  consider  problem  (LP1)  immersed  within 
the  collection  of  successive  saturation  problems  where,  loosely  speaking, 
the  global  goal  is  to  minimize  the  maximum  saturation  level  of  all  links 
in  the  network,  it  seems  clear  that  a solution  with  a smaller  |Sg|  will 
be,  in  principle,  preferable  to  a solution  with  a larger  |sj|.  On  the 
other  hand  if  we  consider  problem  (LP1)  in  isolation  we  may  think  that 
a solution  with  a larger  number  of  alternate  paths,  and  consequently  a 
larger  | S* | , could  be  desirable  because  it  will  give  to  the  problem  a 
stronger  robustness  against  failures-  For  this  thesis,  nevertheless,  we 
will  be  more  concerned  about  the  global  problem  so  we  will  be  looking 
for  |s*|  as  small  as  possible,  that  is  | | * | S1 | . It  may  happen, 
though,  that  none  of  the  possible  basic  optimal  solutions  of  (LP1)  could 


• Wllill 


reach  this  lower  bound  for  |Sq|  (we  give  one  such  example  in  Section 
5.6. ) In  this  case,  as  we  will  see  in  Chapter  V,  those  extra  paths  will 
become  part  of  lower  saturation  level  sets.  We  introduce  the  following 
definition. 

Definition  3.5.1 

A minimal  optimal  solution  of  (LPl) , if  there  exists  one,  is  a basic 
optimal  solution  for  which  |s^|  ■ |s*|. 

D 

An  immediate  consequence  of  this  definition,  Leirnna  3.S.1  is 
Lenrni  3.5.2 

The  number  of  alternate  paths  given  by  a minimal  optimal  solution 
is  js^l  - 1. 

□ 

For  the  remaining  of  this  section  all  results  will  be  related  to 
minimal  solution,  although  their  extension  to  general  basic  solutions 
is  obvious  from  Tj»n«iaa  3.5.1  and  3.5.2.  To  relate  the  number  of  alternate 
paths  to  the  number  of  nodes  and  links  in  the  network  we  will  use  the 
following  result  of  graph  theory: 

Theorem  3.5.2  <[27],  page  39) 

The  mairiinM  number  of  independent  circuits  in  a connected  graph  with 
L links  and  N nodes  is  I,  - N + 1.  The  maximum  number  of  independent 
cut-set s is  N-l. 


Therefore  if  M is  the  circuit  matrix  of  the  network  the  first  part 
of  Theorem  3.5.2  says  that  rank  M - L-  W + 1.  Since  any  alternate  path 
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forms  a circuit  with  its  corresponding  spanning  tree  we  have  that  the 
number  of  circuits  in  the  basis  will  be  given  by  the  number  of  alternate 
paths.  Suppose  that  Mg  is  the  circuit  matrix,  i.e.,  the  columns  cor- 
responding to  flows  creating  alternate  paths  for  an  optimal  basis  of 
(LP1) ; then  since  (according  to  Theorem  3.4.2)  the  sum  of  the  distances 
along  any  circuit  must  be  zero,  we  have  that  if  3 is  the  vector  of 
link  distances 

MgS  » 0 

If  Mg  is  full  rank,  i.e.,  rank  ■ L-N  + l,  then,  from  the  orthogonality 
of  the  circuit  and  cut-set  matrices  of  a graph  (see  [48]  page  97]  6 
must  denote  a cut-set  or  a linear  combination  of  cut-sets.  If  the  net- 
work is  strongly  connected  then  no  cut-set  exists  having  all  its  links 
pointing  in  the  same  direction.  Thus  for  a strongly  connected  network 
if  Mg  is  full  rank  then  6 cannot  have  all  its  con^jonents  of  the  same 
sign  which  contradicts  the  definition  of  6. 

Consider  now  the  weakly  connected  networks  of  Fig.  3.5.1.  For  the 
network  of  Fig.  a) 


Fig.  3.5.1 


i—iw—  - i i ii  1— M— IBBMi  — - 


the  maximum  number  of  alternate  path  is,  obviously,  one,  but,  l-N+1  m 1 
for  this  network.  Similarly  for  the  network  of  Fig.  b)  the  number 

of  alternate  paths  is  two,  where  L-N  + l » 2. 

Hence  we  conclude: 

Theorem  3.5.3 

For  a strongly  connected  network  the  maximum  number  of  alternate 
paths  required  by  a minimal  optimal  solution  of  (Ifl)  is  given  by  L-  N. 
For  a weakly  connected  network  this  maximum  number  can  be  equal  to 
L-N+l.  ' 

□ 

From  Lemma  3.5.2  and  Theorem  3.5.3  we  have 


Lemma  3.5.3 

For  a network  with  L links  and  N nodes 
Is1!  < L-N  + l 

□ 

We  now  end  this  section  with  an  important  but  rather  obvious 
result. 

Theorem  3.5.4 

Every  commodity  in  R must  have  a cut-set  whose  links  are  in  s\ 


i 

(*)  —————————————— 

The  first  part  of  Theorem  3.5.3  was  first  obtained  by  Gallager,  in 

[17] , as  a property  that  any  solution  to  a loop-free  multicomnodity 
problem  must  satisfy  in  order  to  be  optimal.  Since,  as  we  said  in 
Section  3.4,  (LP1)  is  only  loop-free  with  respect  to  loops  containing 
3-inks  of  S , we  have  to  restrict  our  previous  results  to  basic  solu- 
tions. In  Chapter  V,  these  results  will  be  generalized  to  include 
all  saturation  levels.  * 
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Proof  : 


Suppose  not.  Then  there  is  a coranodity  in  R1  that  has  a path,  from 
source  to  destination,  that  does  not  have  to  go  through  linJis  of  s1. 

But  if  this  is  true  then  that  commodity  is  not  in  R1,  by  definition  of 


R , and  we  have  a contradiction. 


Q.  £.  D. 


3*6  Alternate  Paths,  Decision  Variables  and  Canonic  Equations 

Given  an  optimal  solution  to  (LP1) , take  a node,  say  m,  and  define, 
for  that  solution,  the  sets 


IMn)  =<  U|o(l)  * m,  and  f^  (n)  > 0} 


r_(n)  * {l|t(l)  * m,  and  f (n)  > 0} 

ui  X> 


(3.6.1) 


From  these  definitions  the  traffic  going  from  m to  n is  proper.y  divided 


among  all  links  in  T (n) , so 

m 


(n) 


ler  Cn) 
m 


r (n)  + ^ 


J.  e r (n) 

Hi 


f. (n)  - rX(n) 

Kt  IQ 


(3.6.2) 


Note  that,  since  we  are  characterizing  commodities  by  destination, 

the  amount  of  traffic  going  from  m to  n is  not  only  r (n) , but  also 

in 

all  traffic  going  to  n that  uses  m as  an  intermediate  node. 

Suppose  now  that  l^tn)  | > 1*  then  from  Theorem  3.5.1  we  know  that 
one  of  the  flows,  say  fT(n),  t e ^(n) , will  be  in  the  spanning  tree 
for  commodity  n and  the  remaining  flows  will  constitute  alternate 
paths,  from  node  m,  for  that  commodity.  Now  suppose  that  we  have  a 
small  increment  Ar^fn)  and  that  for  the  new  requirement  the  present 


70 


basis  is  still  optimal.  Ths  increment  will  then  be  apportioned  among 
the  links  in  T (n)  so  that,  if  x is  the  link  in  the  spanning  tree, 


Afj^n)  ■ Ay4(n)  ? i / T 


Af  (n)  ■ Ar  (n)  - 

T “ 1 * r* 

SI 

l*r 


(3.6.3) 


Ay£(n)  , 


where  the  values  of  the  Ay^(n)  have  to  be  obtained  from  the  present  (LP1) 

optimal  solution  or  from  the  canonic  equations  of  the  optimal  solution  as 

we  will  explain  later  on  in  this  section.  If  we  call  y (n)  = y . (n)  the 

& mj 

flow  or  routing  variable  associated  with  the  alternate  path  for  comnodity 
(m,n)  whose  first  link  is  link  4,  we  associate  a variable  with  each  of  the 
nonzero  flows  not  included  in  the  spanning  trees.  For  an  increment  in  r 
within  the  linear  region  for  the  present  optimal  basis,  these  variables 
will  indicate  how  this  increment  should  be  apportioned  among  the  various 
allowable  paths. 

Consider  now  that  Is1!  - k and  that  41,  ...,  4k,  are  the  elements 
of  S1,  then,  we  can  write 


— — 
0 c. 


(3.6.4) 


This  set  of  equations  will  be  called  the  set  of  canonical  equations  for 
the  first  saturation  problem.  Since  the  aggregate  flows  are  an  algebraic 
sum  of  requirements  and  flow  variables,  these  equations  will  be  a col- 
lection of  ratios  whose  numerators  are  algebraic  sums  of  requirements  and 


flow  variables  and  whose  denominators  are  the  capacities  of  the  saturated 


Considering  now  the  previous  Ar  Cn)  increment  applied  to  this  ratio, 

m 

and  assuming  that  the  remaining  requirements  are  held  constant,  we  have, 
using  (3.1.8) 

. d (n)  Ar  (n) 

Aa  - : = a (n)  Ar  (n)  (3.6.6) 

i m m r 

D 

which  gives  the  value  of  dual  variables  o (n) . In  a similar  way  we  could 

IQ 

have  obtained  the  values  of  all  dual  variables.  Thus  we  have 

Lenina  3.6.2 


If  the  only  information  we  have  about  a minimal  optimal  solution 


are  the  sets  of  allowable  paths  and  saturated  links,  we  can  obtain  from 
them,  via  canonic  equations  and  canonical  ratio,  the  set  of  dual  variables 
using  (3.6.5),  (3.4.5)  and  (3.4.8).  r-i 


To  illustrate  these  facts  and  to  show  other  properties  of  the 
canonic  equations  we  will  use  the  example  below.  Through  the  example 
we  will  be  able  to  present  the  methodology  of  obtaining  parameters 
via  canonic  equations  without  falling  into  cumbersome  notation  and 
without  lossing  generality. 

Example  3.6.1 

Consider  the  network 


and  suppose  that,  from  an  optimal  solution  of  the  (LP1)  problem  for  a 
given  requirement  vector  r,  we  know  that  the  sets  of  saturated  links 
and  allowable  paths  are  as  follow: 

S1  - {a,g,d,m} 

P (1,6)  ■ (g,p)  (1,6)  - (a,c,d,k,m) 

Pj^O.a)  - (b,a)  P2(3,2)  - (d,k,m,e) 

P,  (5,4)  - (m,A)  P,  (5,4)  - (h,d)  (3.6.7) 
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and  assume,  for  simplicity,  that  r is  such  that  all  other  requirements 
are  equal  to  zero,  if  we  associate  a variable  y±(n)  to  each  one  of 
the  three  alternate  paths  of  (3.6.7)  where  i is  the  first  link  of  the 
alternate  path,  the  canonic  equations  will  be 

„1  ri(6)  ~ ya(6)  r3(2)  * yd<2)  + y^ (6) 

0 " c ” 

9 Ca 

(3.6.8) 

rs(4)  - yh(4)  + yd(2)  + y>(6)  _ yh(4)  + y<J(2)  + y^  (6) 

Cm  ^ ~ 

Adding  the  first  ratio  to  the  last  three  we  eliminate  variable  y (6) , 

WL 

and  we  can  then  add  the  new  second  ratio  to  the  new  last  two  ratios  to 
eliminate  variable  yd(2).  Finally  adding  the  resulting  last  two  ratios 
together  we  would  obtain  the  canonical  ratio 


1 4^(6)  + 2r3(2)  + rs(4) 

0 4c  + 2c  + c.  + c 
9 a d m 

From  this  ratio  and  (3.6.5)  we  caui  immediately  identify 


6,  ■ 4'  8a  ' »d  * «m  * 1 


<^(6)  - 4,  d (2)  - 2,  d (4)  - 1 


and  if  c,  ■ 1 all  iel. 

ffq  * “ T ' * ■ “ T » TT  ■ IT  »-i 

9 2 a 4 d m 8 

ai(6)'i'  °3(2>"i'  v4)-s 


(3.6.9) 


(3.6.10) 


(3.6.11) 


Suppose  now  we  have  an  increment  (2)  in  coianodity  (3,2).  From  the 
canonic  equation  we  can  write  that  the  corresponding  increment  in  a}  will 


1 ^3 (2) 


(3.6.12) 


where  from  (3.4.8) 


0 ■ 4c  + 2c  + c.  + c 
g a d m 


(3.6.13) 


To  obtain  the  increment  caused  by  Ar^(2)  in  variable  (2)  we  need  a 
ratio  where  y^(2)  is  the  unique  flow  variable.  This  ratio  can  be  obtained 
by  sunning  the  first  two  ratios  of  (3.6.8) 


1 ^(6)  + r3(2)  - yd(2) 

a0  c + c 

g a 


(3.6.14) 


from  which 


1 Ar3( 2)  - Ayd(2) 


cg  + ca 


(3.6.15) 


and  solving  for  Ayd(2) 


Ayd(2)  - Ar3(2)  - (c^  + ca)  A a*  , 


using  (3.6.12)  we  have 


2c  + c . + c 

Ayd(2)  - —3 jS =— Ar3(2) 

D 


2c  +■  c.  + c , 


(3.6.16) 


In  a similar  way  we  could  compute  the  change  induced  in  the  value  of 


other  flow  variables  by  the  increment  Ar^ (2) 


2c 


Ay  06 1 - -c  Aot. 
a g 0 


c -c 


~1  Ar3C2) 


c -c 


(3.6.17) 


Ay.  C4) 
n 


, Ao 
2 0 


.1  ^3 121 


Prom  equations  (.3.6.16),  (3.6.17)  we  can  define  the  quantities 


2c  + c.  + c 

-d2  q d m d2_. 

n3  021  1 ; C3  t2) 


2c  + c . + c 
q d m 


and  similarly  for  the  expressions  of  (3.6.17).  Thus,  din  general,  we 
could  write 


Ay  (i)  * rL^(n)Ar  (n)  » In)  Aa^ 
ci  in  in  m 0 


(3.6.18) 


where 


(n) 


nmi(n) 

a (n) 
m 


(3.6.19) 


The  importance  of  r^1(n)  and  c*x(n)  is  that  they  are  constant  for  a 
given  linear  region  and  will,  therefore,  control  the  value  of  the  flow 
variable  within  that  region. 

By  analogy  with  D*  the  term  c** (n)  will  be  called  the  equivalent 

(pseudo)  capacity  of  variable  y (i)  for  changes  in  r (n) , where  the  word 

a id 

"pseudo"  is  introduced  to  point  out  that  this  term,  although  a rational 
function  of  the  actual  link  capacities,  cannot  be  fully  considered  as 
a capacity  since  it  can  sometimes  be  negative,  as  we  shall  see  below. 
Equivalently,  n^(n)  will  be  called  the  sensitivity  factor  of  variable 
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y (i)  for  changes  in  commodity  r (n) . These  quantities  constitute  all 

in 

the  information  that  is  needed  to  apportion  all  changes  within  a linear 
region.  Furthermore  they  can  be  distributed  throughout  the  network  in 
such  a way  that  the  network  will  perform  as  a decentralized  system. 
Specifically,  node  m will  need  to  know  {nj^(n)}  for  all  l e 1^(1)  and 
all  n and  i such  that  (m,i) , (m,n)  e R1.  Efficient  representation  of 
the  sensitivity  factors  will  be  studied,  together  with  other  dynamic 


aspects  of  the  problem,  in  Chapter  VI. 

£i  4i 

note  that  the  elements  (n)  (or  cn  (n) ) can  be  considered  as 
forming  a matrix  with  as  many  rows  as  variables  y^  (i)  appear  in  the 
solution,  and  as  many  columns  as  requirements  are  in  R*.  From  (3.6.3) 
we  have 


Ar(n)  - Af  (n)  + 

m T 


E 

ter  (n) 

m 


(3.6.20) 


where  T (n)  was  defined  in  (3.6.1).  If  by  analogy  with  (3.6.17)  we 
01 

define 


AfT(n)  - r£n(n)  ArB(n) 


(3.6.21) 


then  substituting  (3.6.18)  and  (3.6.21)  in  (3.6.20)  and  dividing  by 

Ar  _{n)  we  have  the  following  important  relation: 

n 


3.6.3 

The  sensitivity  factors  defined  by  (3.6.18)  and  (3.6.21)  satisfy 


(3.6.22) 


Similarly  the  equivalent  pseudo  capacities  satisfy 


V In.  , 1 

Lu  c (n)  - - , 

ze  r (n)  m am(n) 

in 


(m,n)  e R 


(3.6.23) 


Note  furthermore  that  the  sum  of  the  variations  of  flows  of 
comaodities  different  from  (m,n)  has  to  be  zero,  since  only  r (n)  is 

BH 

changing.  Following  identical  steps  as  before,  we  have 


Lemma  3.6.4 

The  sensitivity  factors  and  equivalent  pseudo  capacities  are 


also  related  by 


2J  TCi(n)  ■ ca; 

aeT  (n)  a,i  m 

m 

i exa(n) 


* X]  cai(n)  - 0 


(3.6.24) 


where 


T - ft|t  e L,  f.  (j)  > 0,  all  j e N and  I*  ...  (j)  | > 1}  (3.6.25) 


r (n)  ^ r - r (n) 

m m 


(3.6.26) 


Xa(n)  « {i | i e W,  ( j ,i)  e R1,  all  j e N,  | To  (a)  (i.)  | > l}  . (3.6.27) 


The  condition  I r0(2./ I > 1 in  (3.6.25)  and  (3.6.27)  is  needed 

because  the  sensitivity  factors  are  not  defined  for  commodities  without 

alternate  paths.  From  (3.6.23)  we  cam  clearly  see  that  some  c^tn)  will 

xa 


be  negative,  so,  the  introduction  of  the  word  "pseudo"  in  the  name  of 


these  quantities  is  justified. 

Fol lowing  procedures  similar  to  the  one  just  described,  we  could 

obtain,  by  constructing  the  appropriate  ratios  from  the  canonic  equations 

via  the  law  of  proportions,  any  existing  dependence  between  any  pair 

of  variables  or  between  a requirement  and  a variable.  In  this  sense 

the  term  "canonic  equations"  becomes  now  more  appropriate  since  they 

contain  all  the  relevant  information  provided  by  an  optimal  solution  and 

they  are  an  excellent  tool  for  finding  characteristics  of  that  solution. 

To  end  this  section  we  introduce  the  concept  of  equivalent  links. 

Consider  a commodity  (m,n)  e R1  and  all  its  routing  variables  y^ (n) . 

Suppose  that  r (n)  and  the  variables  y. (n)  appear  only  in  a subset  of 
m x> 

the  ratios  corresponding  to  the  canonic  equations,  say  in  those  cor- 
responding to  links  in  S^(n) C S1.  Then  we  can  reduce  all  ratios 

Xtt 

corresponding  to  the  complement  of  S1  (n)  to  a smaller  set  of  ratios 

n 

not  containing  internal  variables  of  subset  S 1 (n)  - S1  - S1 (n) . That 

SI  IB 

is,  we  can  eliminate  the  internal  variables  of  S^fn).  As  far  as  commodity 

in 

(m,n)  is  concerned  the  resulting  ratios  can  be  interpreted  as  cor- 
responding to  equivalent  links  with  a capacity  given  by  the  denominator 
and  an  aggregate  flow  given  by  the  numerator  of  the  ratios.  This  con- 
cept can  be  extended  to  equivalence  with  respect  to  variables  or  paths 
and  can  be  useful  to  obtain  properties  of  the  solution.  In  the 
example  of  Section  3.6  for  instance,  the  canonic  equations  (3.6.8)  can 
be  reduced  to 

1 2rx(6)  + r3(2)  + r5(4)  -yh(4)  2^(6)  + r3(2)  + yh(4) 

“0  2c  + c + c " 2c  + c + c. 
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as  far  as  variable  yh(4)  is  concerned.  From  these  two  ratios,  we  can 
easily  obtain  how  every  requirement  or  capacity  change  will  affect  this 
variable.  These  two  ratios  can  be  interpreted  as  belonging  to  two  new 
with  capacities  given  by  the  denominators  and  total  flow  given  by 
the  numerators. 

Appendix  XI  presents  more  examples  about  the  use  of 
canonic  equations.  Note  that  this  methodology  is  more  useful  for  hand- 
calculation  purposes  than  for  computer  calculations.  In  the  next  section, 
we  present  a different  methodology  more  appropriate  for  computer  use. 
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CHAPTER  XV 

MATRIX  ANALYSIS  OF  THE  FIRST  SATURATION  PRpar.gM 
4.1  Introduction 

Whenever  a basis  reoptimization  is  needed  in  linear  programming , 
matrix  B 1 plays  a central  role.  Because  of  this  fact  one  might  argue 
that,  even  if  we  find  a decentralized  procedure  to  act  within  a 1 inear 
region,  as  we  anticipated  in  section  3.6,  we  gain  little  if  the  whole 
oatrix  B 1 has  to  be  stored  anyway  to  provide  the  information  needed 
for  a change  of  linear  regions.  The  rejoinder  is  that  we  do  not  need 
to  store  B 1 either,  because  it  can  be  immediately  built  from  the  in- 
formation provided  by  the  canonical  equations.  Furthermore,  whenever 
optimality  is  lost,  only  a fraction  of  matrix  B_1  will  have  to  be  re- 
constructed. in  this  chapter,  we  will  study  properties  of  the  linear- 
program-related  matrices  that  will  simplify  the  dynamic  reoptimization 
process. 

4*2  The  Inverse  of  an  Optimal  Basis  and  other  Program  Matrices 

Suppose  that  from  an  optimal  solution  of  (LP1)  we  are  given  S1  and 
Fg , where  FQ  is  the  set  of  basic  flows 

Fb  - {fA(n)|f£(n)  >0,  all  l e L,  n e W}  (4.2.1) 

For  simplicity,  we  will  assume  that  the  optimal  solution  is  minimal. 

(As  we  will  see  in  Section  5.7,  this  need  entail  no  loss  of  generality.) 

According  to  Theorem  3.5.1,  we  can  partition  the  set  F into  two  sets, 

B 

FBA  and  Fbt'  where  FBT  contain  the  flows  corresponding  to  the 


spanning  trees  and  F^  will  contain  the  remaining  | S1 | - 1 flows,  that 
is,  the  flows  generating  alternate  paths,  see  Section  3.5.  If  we  consider 
the  process  of  finding  an  optimal  solution  to  (3.1.2)  we  can  divide 
this  process  into  two  steps: 

step  1 - the  elements  of  F__  are  made  basic 
step  2 - and  the  elements  of  F are  made  basic 

BA 

Before  analyzing  these  two  steps  we  introduce  some  notation  and  defini- 
tions. If  F is  the  set  of  all  flows,  then 


Similarly 


i1* 


L 


where 


A 

■ q 


and  the  capacity  vector 

c(L)  - (ctS1),  ct?1))  - (c1,  c1) 


(4.2.2) 


(4.2.3) 


In  the  analysis  that  follows,  it  will  be  convenient  to  reorder  the 
elements  of  x and  therefore  the  columns  of  A1,  as  stated  below 

xT  = (S1,  S1,  a1,  F^,  FBT,  Eg)  (4.2.4) 

The  new,  reordered  and  partitioned,  matrix  A1  will  then  be 


(4.2.5) 


where  the  J and  E matrices  can  be  easily  obtained  from  (3.1.3);  in 
particular  if,  for  any  of  the  J-ma trices,  J(i,in)  is  the  element  cor- 
responding to  flow  f^(n)  and  link  i we  have 

(1  i - 1 

J(i,£n)  » { all  i e L,  f. (n)  e F (4.2.6) 

(0  i *1  1 

Similarly  if,  for  any  of  the  E-matrices,  E(ij,£n)  is  the  element 
corresponding  to  flow  f^ (n)  and  ccnmodity  (i,j)  we  have 


all  (i,j)  e R 
all  f^(n)  e F 


E(ij,  in) 


1 i -«(£).  j-n,  ij<n 
1 i*  t(l) , j-n,  i j*  n 
0 otherwise 


(4.2.7) 
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and 

**„  - E^B  £-B,B  (4.2.10) 

e t e 

hare  £ is  an  index  that  is  introduced  to  avoid  repetitions  and  that  cam 
be  equal  to  B or  B.  and  are  the  upper  and  lower  matrices  below 
F in  (4.2.5),  respectively. 

Now  we  trill  proceed  to  interpret  (4.2.9)  and  (4.2.10)  as  graph 
matrices.  The  first  task  is  to  determine  E^  Since  E^  is  a block 
diagonal  matrix  it  is  clear  that 

(4.2.11) 

In  order  to  compute  E_}  and  subsequent  matrix  operations  we  intro- 

Ti 

duce  the  following  definitions: 

Definition  4.2.1 

Let  T(n)  denote  the  basic  spanning  tree  rooted  at  node  n.  Since 
a tree  defines  a partial  ordering  of  nodes  we  will  say  that  node  i is 
below  node  j,  or  succeeds  node  j,  if  node  j is  in  the  path  from  1 to  n 
at  tree  T(n) . Similarly  we  will  say  that  node  i is  above,  or  precedes 
node  j.  It  may  happen  that  node  i neither  succeeds  nor  precedes  node 
j.  In  this  case  they  belong  to  different  branches  of  the  tree. 

T^(n)  will  denote  the  subtree  of  T(n)  rooted  at  node  i,  that  is, 
it  will  refer  to  the  collection  of  nodes,  and  corresponding  links, 
that  preceeds  node  i. 


ES 


btbJ 


J 
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T1  (n) , or  T^(n),  will  denote  tree  T(n),  or  subtree  T^n),  with  all 
nonsaturated  links  (4  8 S1)  short circuited. 

T(m,n)  will  denote  the  path  from  m to  n on  tree  T(n).  T1 (a,n)  * 
T(m,n)  D S^. 

Definition  4.2.2 

Cj  (n)  will  denote  the  circuit  formed  by  the  insertion  of  link  l 
into  tree  T(n) . The  positive  direction  of  this  circuit  will  correspond 
to  the  direction  of  link  4. 

(n)  will  denote  circuit  (n)  with  all  nonsaturated  links  (4  e S1) 
shortcircuited,  and  will  be  called  the  saturated  or  reduced  circuit. 

□ 

From  Definition  4.2.1  it  is  clear  that  E^  will  be  the  incidence 
matrix  for  tree  Tin)  without  row  n.  The  columns  of  will  correspond 
to  links  and  the  rows  will  correspond  to  nodes  of  the  tree,  except  for 
node  n.  It  is  very  easy  to  see  that 

Lemma  4.2.1  ([24]  page  357,  [22]) 

The  incidence  matrix  of  a tree,  and  therefore  E , is  triangular 

m 

and  unimodular  (i.e. , has  determinant"!). 


E can  be  transformed,  by  row  reordering,  into  a triangular  matrix 

Tn 

with  all  its  diagonal  elements  equal  to  1 and,  at  most,  one  off  diagonal 
element  per  column  equal  to  -1. 


Follows  from 


4.2.1,  the  definition  of  E, 


and  the  fact 


Tn' 

that  since  node  n is  eliminated  from  the  incidence  matrix  all  nodes 
of  the  tree  have  an  out-degree  equal  to  one. 

Q.E.O. 

To  obtain  E^  we  will  apply  Theorem  AI.l  of  Appendix  I ; therefore 
we  have  to  eliminate  all  nonzero  off  diagonal  elements  by  means  of 
row  transformations.  Row  i of  E^  will  have  a +1  in  the  position  cor- 
responding to  the  arc  leaving  i,  arc  (i, • ) , and  -1  in  positions  cor- 
responding to  all  arcs  incident  at  i.  If  (j,i)  is  such  an  incident  arc 
then  the  -1  corresponding  to  it  can  be  eliminated  by  adding  row  j to  row 
i,  but  in  the  process  we  introduce  all  the  -l's  of  row  j that  correspond 
to  the  links  incident  at  j,  see  Fig.  4.2.1;  these 


new  -l's  can,  nevertheless,  be  eliminated  in  the1 same  way.  At  the 
end  of  the  process  we  have  that  in  order  to  eliminate  all  -l's  from 
row  i we  have  to  srn  to  it  the  rows  corresponding  to  all  nodes,  of 
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tree  T(n),  preceding  i.  If  we  assume  the  rows  of  E__  are  ordered  ac- 
cording  to  Lemma  4.2.2,  then,  row  i does  not  have  to  be  transformed 
further  in  the  process  of  moving  from  E,^  to  I;  therefore,  if  we  apply 
the  same  sequence  of  row  operations  to  I we  obtain  the  i-th  row  of 
E^  . The  results  of  these  row  transformations  into  I will  be  a row 
with  1 in  all  places  corresponding  to  nodes  of  (nl . Note  that  in 
E^  the  rows  correspond  to  links  and  the  columns  to  nodes.  We  have 
therefore  proved 

Theorem  4.2.1 

E^  is  a graph  matrix  in  which  the  C£,i)-th  element,  corresponding 
to  link  Z and  node  i of  T (n) , is  given  by 

jl  xf  i e To(t)  (n) 

E^(f  ,i)  - 

( 0 otherwise 


Example 

For  the  tree  below,  the  incidence  matrix  and  its  inverse  are: 

T5 


d 

0 

0 

0 

1 


1 

2 

I 

3 

4 


12  3 

(10  0 
0 10 
1 1 1 
0 0 0 


o\  a 
0 Jb 
0 Jc 
V a 


Thus,  the  column  of  corresponding  to  node  i defines  the  path  in  tree 

T from  node  i to  node  n. 
n 

Having  determined  E^,  we  shall  next  proceed  with  the  computation  of 

the  products  JE  1 and  J E~1  . We  will  call 
T T T T 


I ' 

Vaili,  inii—  — 


X X 


(4.2.12) 


(4.2.13) 


(4.2.14) 


Lemma  4.2.3 

Each  row  of  matrix  J (J  ) correspond  to  a link  of  S1(S1)  and  each 

n n 

column  correspond  to  a commodity  (i»n) , i t1  a.  The  row  corresponding  to 

link  l,  for  l e T(n) , (if  l 6 S1  then  row  l 8 J and  if  l e S1  then  row 

n 

l e Jr)  will  have  a+1  in  all  positions  i such  that  i e TQ(i)  and  zeroes 
otherwise.  If  1 0 T(n)  then  row  l is  a row  of  zeros. 

Corollary  14.2.3 

The  column  corresponding  to  connodity  (i,n) , of  either  matrix 

or  matrix  J , will  have  a ♦ 1 in  all  positions  corresponding  to  links 
n 

of  the  path  i to  n,  in  the  spanning  tree  T(n) , and  zeroes  otherwise.  If 

the  link  is  in  S1  then  the  elesmnt  will  be  in  matrix  J , and  will  be  in 

n 

J otherwise. 


J « je"1 
T T 


Obviously  J and  J will  have  the  structure 


t 

i 

* 

a 

| 

m 

Ji  j*  * 

I ~ - 

*l\'  * 

•j*. 

i 

m 

I 

» 

ftt 

I 

where,  from  (4.2.11) 


J»  ’ Vto  - JTn'^ 


j - j^Eii 

n Tt  IN 


and  from  (4.2.6)  and  Theorem  4.2.1  we  conclude 


J7  <£c> 

- 11 

1 

1 

0 

0 

0] 

J7(rd) 

- (0 

0 

0 

1 

0 

0] 

J?(re) 

- [1 

1 

1 

1 

1 

0) 

so  that 


J7<rc)  Be(dt7)  - 1 
J?(rd)  BE(cjl7)  - - 1 
J7(re)  Be(dt7)  - 0 


Thus,  using  (4.2.7), 


4.2.3  and  Definition  4.2.2,  together  with  the 


interpretation  provided  by  the  example,  we  have 

Theorem  4.2.2 


If  p_(a,ln)  is  the  element  of  the  column  of  variable  t.  (n)  e F U F, 

I Z BA  B 

corresponding  to  link  a,  after  step  1 is  completed,  then  this  element  will 
be  given  by 


PI(a,Zn) 


1 If  a e C^(n)  and  is  in  the  positive  direction 
-1  Idem  in  the  negative  direction 
0 otherwise 

□ 


Since  element  pI(a,Zn)  belongs  to  one  of  the  P-aa trices  of  (4.2.8) 


we  also  have 


Corollary  4.2.2 

If  P (cAn)  is  the  column  of  P corresponding  to  f„  (n)  e P then 

B o X>  BA 

P (din)  is  a vector  representing  the  saturated  circuit  of  variable  f. (n) . 
B — X# 

Similarly  for  Pg (din)  and  f^ (n)  e Fg 

□ 

This  concludes  determination  of  (4.2.9).  We  can  also  prove  an 
equivalent  result  for  the  M-ma trices  of  (4.2.10)  with  the  help  of 
Corollary  L4.2.3  and  Example  4.2.1 


Theorem  4.2.3 


If  Mg (i j ,Jln)  is  the  element  of  matrix  Mg  corresponding  to  commodity 
(i,j)  and  variable  f ^ (n)  e FQA  then 


Mg(ij,Jln) 


if  j = n,  arc(i, •)  e C^(n)  O T(n) 
direction 

Idem  in  the  positive  direction 
otherwise 


and  is  in  the  negative 


where  arc (i,  • ) denotes  the  (only)  arc  leaving  i in  T(n),  and  C^(n)OT(n)  * 
C^(n)  - A. 

Similarly  for  Mg(ij,An),  f ^ (n)  e Fg  . 


Corollary  4.2.3 
Mg (in, An) 


-P  (a, An)  for  o(a) 

B 

0 otherwise 


i,  aj<A,  aeT(n) 


Similarly  for  Mg  and  Pg  . 

From  Theorems  4.2.2  and  4.2.3  we  see  that  M and  P are  graph- related 

O 


matrices  and  therefore  can  be  easily  obtained  from  the  graph.  The  result 
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o£  Theorem  4.2.2  is  a known  result  of  networks,  see  [38],  but  we  decided 
to  prove  it,  here  again,  because  we  need  the  intermediate  results  to 
prove  Theorem  4.2.3  and  other  results  below.  For  instance  we  will  need 
some  of  those  results  to  obtain  the  inverse  of  the  current  basis. 

For  this  purpose  note  that  if  we  start  the  linear  program  with  an  ex- 
tended matrix  (A*,  I ) then  B^tA1,  I ) ■ (A*,  Bt1)  , see  Theorem  AI.l 
of  Appendix  I,  so  is  the  matrix  which  occupies  the  position  of  I 
after  the  first  step  is  completed.  Therefore 

Theorem  4.2.4 


The  inverse  of  the  current  basis,  after  the  first  step  is  completed , 
is 
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With  respect  to  other  vectors  involved  with  the  linear  program,  note 
that  neither  the  vector  of  partial  cost  nor  the  value  of  a1,  has  changed 
during  this  first  step.  On  the  other  hand  the  new  RHS , b , is  given  by 

bt  - B - B 1[jJ  , (4.2.16) 

where  if  we  partition  b into  three  parts  corresponding  to  S1,  s1  and  F 

BT 

respectively,  we  have 

N 

bn  - -Jr  - - yj  rte) 
n*l 

_ N _ 

bj  - -tt  - - VJ  r'n)  (4.2.17) 

n»l 

bIT  • 

and  partitioning  further,  into  N subvectors,  we  have 

biT(n)  * ETn  r(n)'  neW  (4.2.18) 

From  (4.2.17),  (4.2.18),  Leona  4.2.3  and  Theorem  4.2.1  we  can  write 
Lemma  4.2.4 

The  element  of  bj.  corresponding  to  link  l will  be  given  by 
N 

bia)  " - E E Vn)  all  1 e L (4.2.19) 

5=1  ieTo(A)(n) 

Corollary  L4.2.4 

The  value  of  b^l)  will  be  equal  to  minus  the  value  of  the  aggregate 
flow  that  link  l would  have  if  all  commodities  could  flow  only  through 
links  of  spanning  trees.  For  this  reason  we  will  oftenly  call  -b  (t)  5 f 


The  subvector  of  corresponding  to  cosnodity  n will  be  given  by 
IT 

(.4.2.18) . The  component  of  this  subvector  corresponding  to  conmodity  (i,n) 


Fa_  - {f.<l>,  f Cl),  f (2),  f (2),  f (3).  f . (3) } 
bt  d g a c a a 

FB»  ■ (fca>-  V3,) 

Thus  we  have  two  alternate  paths.  Inserting  the  elements  of  F^  into 
the  spanning  trees  we  will  have  the  circuits 


The  matrices  and  taU aaus  involved  in  the  application  of  Step  1 to 
this  example  are  given  in  Figs.  4. 2. 2-4,  for  simplicity  of  notation  we  will 
use  ln  for  f^ (n) . Empty  entries  correspond  to  zero  entries. 

Step  2 

The  remaining  steps  in  finding  a basic  optimal  solution  make  a1  and 


(4.2.21) 


G - -*Q 

G - -$  Q-1  all  neM 
n n 


P - Q'\ 

? - Fb  -?p  - PB  + iP5 

M - M_  -$  P ■ Jfc-  + GF— 
n Bn  n Bn  n B 

and 

♦-  [-i»J  ’ »n-[°KnJ 

Thus 


(4.2.22) 


(4.2.23) 


(4.2.24) 


Theorem  4.2.5 

(*) 

The  updated  constraint  matrix  for  the  optimal  solution  (4.2.1)  is 
given  by  (4.2.21)  - (4.2.24),  where  all  matrices  in  the  RHS  of  equations 
(4.2.22)  - (4.2.24)  are  graph-related  matrices  and  where  the  only  matrix 
that  has  to  be  inverted  is  Q,  a | S'1 1 x Is1!  matrix. 

□ 

Because  of  the  importance  of  the  matrix  Q we  devote  some  sections 


of  this  chapter  to  the  study  of  its  structure  and 


of  its  properties 


r 


m ■ 4 
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HOW  we  will  compute  the  optimal  partial  costs,  dual  variables  and 
RHS.  From  standard  linear  programming  analysis,  see  [28]  [29],  we 
have: 


• for  the  dual  variables 

X » (ir,o)  - yV1 


• for  the  optimal  partial  cost  vector 


z - y1  - XA1 


(4.2.27) 


(4.2.28) 


• for  the  optimal  RHS,  that  is  for  the  optimal  value  of  the  basic  variables, 

(4.2.29) 

and  finally 


b0  " B~lb 


• for  the  optimal  objective  function 
oj  - Xb 


(4.2.30) 


Note  that  these  formulas  express  the  optimal  values  as  a function 
of  starting  matrices  of  (LP1) . To  consider  this  process  broken  into  two 
steps,  as  we  are  doing  in  this  section,  observe  that  the  optimal  values 
can  also  be  obtained  by  considering  b^  of  (4.2.16)  as  an  additional 
column  of  A^  and  applying  to  it  the  same  rules  applied  to  the 
submatrices,  see  (4.2.23).  He  will  apply  here  both  procedures,  de- 
pending on  which  one  is  easier  or  more  relevant  for  each  case. 

From  (3.1.5)  we  know  that  y1  has  a 1 at  the  position  corresponding 
to  and  zeroes  elsewhere.  From  (4.2.25)  we  see  that  is  the 
first  element  among  the  basic  variables,  so  we  conclude 


— .tec* 
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Theorem  4.2.7 

The  optimal  dual  variables  of  (LP1)  are  given  by  the  first  row  of 
B-1,  in  (4.2.25).  In  particular 

1US1)  - Q-1  (rl) 

ids1)  - 0 (4.2.31) 

O(n)  - V (rl)  neM 

u 

Lemma  4.2.6 

a.  (n)  ■ - y > itfl  (4.2.32) 

1 AeTd.nXlS1 

t(i,n)nsl  » $ 0A(n)  » 0 

Proof:  Prom  (4.2.26),  corollary  14.2.3  and  (4.2.31). 

Note  that  some  of  the  results  of  this  Theorem  and  Lems  were  already 
obtained  in  Chapter  III,  see  Section  3.4,  by  means  of  the  complementary 
slackness  condition  of  linear  programming. 

Next  we  consider  the  vector  of  partial  costs,  which  has  the  following 
structure: 

z - Izd1),  Its1),  Z(O),  *(PB1)r  (4.2.23) 

g-tno*  all  basic  variables  have  a null  cost,  the  only  nonzero  subvectors 
are  zCS1)  and  z(P^).  Prom  the  definition  of  y » (3.1.5),  and  A m have 

z(S1)  - -irfs1)  , 

since  the  submatrix  of  A1  corresponding  to  S1  was  the  identity,  see 
(4.2.5).  Similarly 


(4.2.34) 


* —IT (s  )J_  - OEg 

Prom  the  definition  of  Jff  , Lemma  4.2.3,  and  of  Eg,  (4.2.7),  we  can 
write,  for  the  partial  cost  of  varied: le  f0  (n) 

M 

z£(n)  - -tta  - crQOl)  (n)  + at(jl)(n) 

Summarizing,  we  have 

Theorem  4.2.8 

If  z,  given  by  (4.2.33),  is  the^  ^ optimal  partial  cost  vector  of  (LP1) 

then  the  only  nonzero  subvectors  are  zfS1)  and  z(F-),  where 

B 

Z(S1)  - -7T  (S1) 


Vn}  " at(i)(n)  " aoa)(n)  ■ V f£(n)  e Pn 


(4.2.35) 

□ 


Finally,  to  study  the  nature  of  the  optimal  RHS  we  partition  bQ  into 
three  subvectors,  as  in  (4.2.17),  where 


(4.2.36) 


• ■ 

r 1 n 

b 

a 

01 

F 

_ 

_°L 

m 

sds1) 

b 

F 

L otJ 

- BT 

(*) 


Under  our  assumptions  of  this  section  the  dual  problem  is  unique,  see 
section  3.2. 


and  s(S  ) is  the  set  of  slack  variables  corresponding  to  the  li"ks  of  S . 


From  C4.2.29)  and  Corollary  L4.2.4  we  have 


In  particular 


- - 


Vt*. 


(4.2.38) 


which  gives  another  expression  for  ot  , different  from  the  two  descriptions 


given  in  (3.1.7). 

Similarly  from  corollary  L4.2.4,  (4.2.24)  and  (4.2.37) 


where  f (S*)  is  the  vector  of  aggregate  flows  obtained  from  the  spanning 
T 

trees  for  links  of  S1.  Thus,  since  b — corresponds  to  the  value  of  the 
slack  for  links  of  S1, 


•(S1)  - -VS1!  + a1?  - 

* O1'1  - ♦ V»] 

Therefore 

f«l)  - fTCSl)  * Vba 

is  the  vector  of  values  of  the  aggregate  flows  for  links  of  S1  cor- 
responding to  the  present  optimal  solution. 


From  (4.2.29),  (4.2.17)  and  (4.2.24)  we  have  for  the  values  of  the 
basic  flows  on  the  spanning  tree 


" bIT  " MBFBA 

Thus 

b0T(n)  - b^n)  - 

'rtlere  MBnFBA  determinea  the  amounts  of  flow  taken  out  from  links  of  the 

spanning  trees  by  the  alternate  paths  created  by  F . 

BA 

In  summary. 

Theorem  4.2.9 

The  optimal  RHS  for  (LP1) , partitioned  as  in  (4.2.36),  has  the 
following  values. 

a1" 
r»  * 

sis1)  - a1^1  - ffs1)  (4>2< 

where 

f(SA)  « f (S1)  + PF 

T B BA 


39) 


is  the  vector  of  optimal  values  for  the  aggregate  flows  of  links  of  s1. 
Finally, 


all  n ell 


pBr(n)  “ b!T(n)  • Vba  * 
where  f^S3-)  and  f^tS3-)  are  given  by  Corollary  L4.2.4,  b1T(n)  is  given 
by  (4.2.20),  and  PB  and  ar e given  in  (4.2.23)  and  Theorem  4.2.3, 
respectively. 

□ 


Example  4.2.3 

Applying  Step  2 to  the  three  node  example  of  this  section  (Example 
4.2.2)  we  have  the  matrices  and  tableaus  of  Fig.  e.4.2.3.  We  also 
represent  below  the  collection  of  allowable  paths  and  their  traffic 
according  to  the  basic  solution  obtained  in  the  tableaus 


The  optimal  dual  variables  are 


-"d* 


a2(l)  - a3ll)  - a2(3)  - | 


°l(2)  “ a3(2)  " °i(3)  “ 0 * 


and  for  the  requirement  vector  value 


r-  Ir,(l),  r (1) , r. (2) , r,(2),  r. (3) , r,(3)]  - [3,8,5,1,1,71 


FIG.  4.2.5 


FIG.  4.2.6 


Now  we  precede  to  a microscopic  study  of  the  subma trices  appearing 

in  Aq  and  B \ in  order  to  bring  further  simplifications  into  these 
(*) 

matrices  . Consider,  for  instance,  a destination  n such  that  there 
are  no  commodities  (i,n)  e and  define  as  the  sets  of  destinations 
with  this  property,  that  is 


TI1  ■ {n | (i,n)  ft  R1  for  all  i e N,  i + n} 


(4.3.1) 


It  is  obvious  that 


n e TI1  -*>  f^fn)  ft  for  all  l e L 


(4.3.2) 


eff1 


MBn-° 


(4.3.3) 


Furthermore,  from  Lemma  4.2.3 


neWL->j  - 0. 
n 


(4.3.4) 


Many  of  the  properties  of  this  section  are  evidenced  by  the  three 
node  example  of  last  section. 
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Subs  ti  tuting  (4.3.3)  and  (4.3.4)  in  (4.2.22)  - (4.2.24)  and  (4.2.26)  we 

hava 

4.3.1 


For  all  n 6 w , defined  in  (4.3.1) , 


- 0 


* « 0 
n 


G - 0 
n 


**n  " **Bn 
°nn  " BTn 


Jn-o 


V - 0 
n 


V - -J 
n n 


0.  ■ 0 
in 


°nl-° 


all  i 6 H,  ij*n 


If,  in  accordance  with  our  standard  terminology,  D denotes 
matrix  than  D(cAn)  represents  the  colusn  of  D corresponding  to  variable 


f^ (n) . The  following  las 
definitions  and  results. 


are  an  immediate  consequence  of  previous 


4.3.2 


If  f4(n)  6 FBa  than 


M^fcin)  - 0 for  all  i < M,  iy<n  . 
Similarly  if  (n)  e Fg 

Mg^Cdtn)  - 0 for  all  i « N,  i ft  n 

(*) 

Furthermore 


(*) 


$ is  the  empty  set,  and  the  circuit  C.  (n)  has  been  defined  in 
Definition  4.2.2 


- 11-..-  JV.  ' - ~ 
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Cjimns1  - <t>  ->  PB<=*n>  - o 

C^CnJOS1  - 4>  ->  Pff(c«.n)  - 0 

t^wns1  - <t>  ->  (£*>«>  ■ 0 


all  f£  (n)  e 
all  f^ln)  e F— 


Corollary  L4.3.2 

For  (n)  e Fg 

C^tnJOS1  -<{)-> 


IP (c2.n)  - Pg(dln) 

FT  (din)  - | Mgi  ( ctn) 
(M-n(dln) 


0 all  i e N,  i*n 
i»  n 


□ 


If,  in  a similar  way,  D(cin)  is  the  column  corresponding  to  com- 
modity (i,n)  of  matrix  D,  we  can  write 


T^mm  4.3.3 

If  T(i,n)  is  the  path  from  i to  n on  the  spanning  tree  T(n) , then 

Tli.nins1  * <J>  *^>  Jn (£in)  - 0 j 

_ I all  i e N,  i i*  n . 

Td.nins1  - <J>  ->  Jni£in)  - 0 ) 

Corollary  L4.3.3 

For  all  conmodities  such  that  T(i,n)flS  ■ (J>  we  have 

V (c  in)  ■ 0 
n ~ 

V (c  in)  ■ -J  (cin) 

n — n 

0.  (cin)  - 0 all  jeM,  ji*n 

jn  - 

U (cin)  - e“*  (cin) 
nn  — Tn 
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where  the  V and  U matrices  were  defined  in  (4.2.26). 

□ 

Mote  that  Lemma  4.3.1  is  included  in  Lemmas  4.3.2  and  4.3. 3j  never- 
theless is  worthwhile  to  have  Leiwna  4.3.1  as  an  independent  result. 
Applying  some  of  these  results  to  Theorem  4.2.8  we  immediately 


obtain 

Lemma  4.3.4 

i e s 1 -*  *t(n)  - - ao(l)(n)  (4.3.5) 

„ — , % (-IT.  les1  (4.3.6) 

n e W(l)  — > *4(n)  • < A 

* o les1 

atd) (n)  - ao(A) (n)  + \ 411  *"  n (4‘3*7) 

les1  and  (n>  ■ 0 ~>  (n)  • 0 (4.3.8) 

z^tn)  - 0 <7^^  (n)  " a0(£)*nl  + a11  i,n  (4.3.9) 

□ 


With  the  help  of  figure  4.3.1  note  that 

t(l) 


Fig.  4.3.1 


therefore, make  f»  (n)  nonzero  and  basic.  This,  of  course,  agrees  with 


the  interpretation  that, for  a nonbasic  variable,  z^ (n)  - 0 means  a non- 
unique solution,  where  any  of  the  variables  with  zero  cost .can  be  made 


A slightly  different,  although  totally  equivalent,  form  of  z. (n) 


where  P (rl)  means  the  first  row  of  matrix  P.  On  the  other  hand  from 


P(rl)  - Q (rl)PL  . ir(S  )P, 


But  using  the  definition  of  P«  given  in  Theorem  4.2.2  we  have 


(n)  is  the  set  of  links  of  C0 (n)  having  negative  direction  and 


where  C, 


(n)  the  set  of  links  on  the  positive  direction 
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Comparing  this  result  with  Theorem  4.2.8  we  clearly  have 


(4.3.12) 


* 


a 6 (n) 


-°o«)  <”> 


and  we  can  interpret  the  results  of  Lames  4.3.4  in  terms  of  empty  or  non- 
empty reduced  circuits.  In  particular  the  following  result  gives  a 
necessary  and  sufficient  condition  for  a flow  variable  to  have  a zero 
partial  cost;  in  this  sense  note  that  (4.3.9)  gives  a sufficient  con- 
dition. 

Theorem  4.3.1 

A nonbasic  flow  variable  f^  Cn)  will  have  a zero  partial  cost  at 
an  optimal  point  of  (LP1)  iff  either  the  saturated,  or  reduced,  circuit 
c£(n)  ■ <p,  or  else  if  it  can  be  written  as  a linear  combination  of  the 
saturated  circuits  of  matrix  P_,  that  is,  of  flows  in  F_  . 

B BA 

Proof i 

From  (4.3.10)  and  (4.3.11) 

ztfj)  - 

and  using  Corollary  4.2.2 

z4(n)  - -rts^cju)  all  f^ta)  e Fff  (4.3.13) 

On  the  other  hand  from  Theorem  4.2.7  and  the  fact  that  QQ  1 - Q ■ I, 

we  have 


- 


"i 


- 


-- 
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ircs1)  C-e1!®  1 - (1,0,. ..0) 


so 


IT  (S  ) P - 0 
B 


(4.3.14) 


where  ir(S  ) < 0 and  rank  P„  ■ q - 1. 

B 

But  from  (4.3.13) 

a^(n)  « 0 •*>  irts^C^Oi)  - 0 


(4.3.15) 


Clearly  C^(n)  - <p  satisfies  (4.3.15) 
and  (4.3.15) 


Suppose  C^(n)  ? <pt  then  from  (4.3.14) 


Tr(sx)  [PB  | cj(n)]  - 0 


(4.3.16) 


where  [PQ|C^(n)]  is  a qxq  square  matrix.  But  since  ^(S1)  ? 0,  in  order 
for  (4.3.16)  to  be  true  we  need 


det tpB|C£ (n) ] - 0 


(4.3.17) 


But  since  rank  P ■ q-1,  (4.3.17)  will  be  true  if 

O 


(n)  e Space  spanned  by  columns  of  P0 


(4.3.18) 


This  proves  the  "only  if"  statement. 

To  prove  in  the  other  direction  observe  that  if  (n)  is  a linear 

combination  of  the  columns  of  P , we  can  write 

0 

Cj[(n)  - PBP  (4.3.19) 

where  jj  is  a non-null  q-1  vector.  Multiplying  on  the  left  by  tt  (S1)  and 
using  (4.3.14) 

ir(S1)C^(n)  - ff(s1)PBu  - 0 


air— 


i 

A 


Finally  applying 


4. 3. 1-3  to  'theorem  4.2.9  we  have 


Lemma  4.3,6 

If  C(F__)  is  the  set  of  circuits  for  variables  in  F than 
BA  oA 

PB(rt)  - 0->  ft-fiT->  s4  - a\-£ivli  ies1 
netf1  ->  fBT(n)  - bCT(n) 

Furthermore  for  arc(i,>)  e T(n) 

arc  (it*)  t CtF^JOTtn)  -*  J^tri)  - 0 “>  *BT(i»n>  “ bIT<i,n) 

□ 

From  the  analysis  done  in  this  and  previous  sections  we  have  seen 
that  all  data  in  the  updated  constraint  matrix  and  optimal  basis  of 
(LP1)  can  be  easily  obtained  knowing  the  saturated  links  and  the  alter- 
nate paths.  They  are  obtained  via  graph  theoretic  means,  except  for 
the  inversion  of  a matrix  Q of  Is1!  x |sl|  dimension.  Since  except  for 
this  matrix  the  remaining  matrices  are  graph-related  (0,+l)  matrices, 
all  the  computations  involving  these  matrices  consist  of  just  additions 
and  subtractions.  Furthermore,  we  have  also  seen  how  to  exploit  the 
structure  of  the  graph  to  easily  detect  most  zero  entries  of  any  of  the 
matrices,  and  wa  also  saw  how  to  compute  isolated  columns,  rows  and 
elements  as  we  need  them,  without  having  to  haul  the  whole  information 

tableau  throughout  the  process.  Now,  before  moving  to  next 
sections,  in  which  we  will  make  a closer  analysis  of  the  saturation 


matrix  Q,  we  introduce  some  additional  concepts  that  will  contribute  to 
further  simplification  of  previous  computations. 

Definition  4.3.1 

We  will  say  that  commodity  m is  a subcommodity  of  commodity  n if 
arc(m,n)  is  the  only  arc  terminating  in  node  n. 

Note  that  whenever  there  exists  a subcommodity  m having  more  than 
one  alternate  path  for  traffic  (i,m)  and,  furthermore,  r^(n)  > 0 then 
the  optimal  solution  of  (LP1) , or  even  of  the  global  problem,  will  never 
be  unique  because  we  have  infinite  ways  to  apportion  commodities  (i,m) 
and  (i,n)  among  the  allowable  paths  without  modifying  the  saturation 
level  of  any  link.  To  avoid  this  nonuniqueness  we  can  eliminate  comaodity 
n,  and  therefore  all  variables  (n) , as  a valid  commodity  and  adjoin 
r(n)  to  r(m).  This  rule  will,  in  addition,  reduce  the  dimension  of 
some  of  the  program  matrices. 

But  this  is  not  the  only  way  of  eliminating  elements  of  F. 

Lemma  4.3.7 

Let  A be  a circuit,  not  necessarily  directed,  and  let  A (T)  be  the 
chain  resulting  from  taking  link  l out  of  the  circuit;  then  if 

At^lCKa) 

A(jT2)CT(n)  , 

where  and  can  be  the  same  or  different  links,  we  have  that  the 
columns  corresponding  to  f ^ (m)  and  f ^ (n)  will  be  identical  (or  opposite 
if  fl  and  12  are  in  different  directions)  in  (4.2.8)  and  therefore  only 
one  of  them  cam  be  made  basic. 
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Proof 

From  Theorems  4.2.2  and  4.2.3  and  the  fact  that  the  columns  of 
have  to  be  linearly  independent. 

Q.E.D. 


T-aWM  4.3.8 

If  A,  from  T^"— » 4.3.10,  is  a cycle  then  neither  f^t*)  nor  fA2(n) 
can  be  basics. 

Proof 

In  this  case,  all  the  elements  of  the  columns  are  0 or  +1  and  there- 
fore can  never  generate  a negative  cost.  Q.E.D. 

We  shall  see  in  Chapter  V and  Appendix  III  examples  of  how  these  two 
i— . provide  sane  additional  ways  to  reduce  the  dimensionality  of  the  problem. 

4.4  Properties  of  Saturation  Matrix  Q 

As  we  have  seen  in  section  4.2,  Q is  a square  matrix  with  structure 


s 

e 

Q “ 

e 

e 

PB 

;Cq 

« 

where 

( 1 

,j)  »< 

U 

for  all  i,j 


> 0 all  l 


(4.4.1) 


Definition  4.4.1 

We  will  say  that  a matrix  with  the  structure  of  (4.4.1)  is  a valid 
g-matrix  if  there  exists  a network  and  requirement  matrix  such  that  an 
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optima  1 solution  of  CLP1)  for  this  network  gives  a Q-matrix  that  is  identi- 
cal to  the  given  matrix. 

To  fully  characterize  a valid  Q- matrix  we  have  to  study  its  inverse 
Q 1.  From  Theorem  4.2.7  Q 1 will  have  the  structure 


Q -| 1 (4.4.2) 

where  0 is  a (q-l)xq  full  rank  matrix  and  where,  for  simplicity  of  notation, 
it1  - ttCS1) 

Lemma  4.4.1 

A necessary  condition  for  a square  matrix  Q,  with  the  structure  in 
(4.4.1),  to  be  the  valid  saturation  matrix  of  an  optimal  stable  point  is, 
beside  being  non-singular,  that  each  column  of  Q must  have  at  least  a 1 
and  a -1  as  components. 


Proof; 


From 

Q_1Q 


(4.4.3) 


we  have 


■n,lpB(.c2,n)  * Y jff^P^la.&n)  - 0 


(4.4.4) 


aes 


Since  at  a stable  point  ir  < 0,  all  aes  , (4.4.4)  cannot  be  true  if  all 

P_(a,£n),  aes1,  have  the  same  sign.  On  the  other  hand  p (c£n)  must  be 
B B 


nonzero  or  Q would  be  singular. 


Q • E • D • 
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Note  that  from  (4.4.3)  we  also  have 


Vo1  . -2  », 


ici  ’ 1 


which  is  another  way  of  proving  (3.4.1). 


Corollary  4.4.1 

The  reduced  circuits  appearing  in  Pg  can  neither  be  cycles  nor  empty 
circuits. 


Suppose  that  we  have  a matrix  Q that,  in  addition  to  satisfying  the 


necessary  condition  of 


4.4.1,  has  negative  elements  in  the  first 


row  of  Q . Then,  each  row  of  matrix  Q can  be  associated  with  a link 
and  each  column  with  a reduced  circuit.  From  these  links  and  circuits  we 
are  able  to  construct  a network.  The  synthesis  procedure  introduced  in 
Appendix  II  will  produce  a network  having  an  optimal  solution  with  a 
saturation  matrix  identical  to  the  given  matrix  Q.  Thus,  we  conclude 


Lama  4.4.2 


A matrix  Q,  that  satisfies 


4.4.1,  is  a valid  saturation  matrix 


if  and  only  if  all  the  elements  of  the  first  row  of  Q~  are  negative 


Theorem  4.4.1 

A necessary  and  sufficient  condition  for  a matrix  with  the  structure 
of  (4.4.1)  to  be  a valid  Q-matrix  is 


sgn{det IPg (xf)  ] } “ -sgn{detIPB(x(£+l) )] } 


det[PB(rf.)]  * 0 , ies4 


(4.4.5) 
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where  "sgn",  means  signum  and  P (r4)  is  matrix  P_  without  row  4 . 

D — B 

Proof: 

We  have  to  prove  that  (4.4.5)  is  equivalent  to  Leona  4.4.1.  Assume 
first  that  Q ^ exists,  then  from  (4.4.1),  (4.4.2)  and  applying  Cramer  rule. 


_ ,+1 

*4  det  Q (_1) 


les 


(4.4.6) 


These  elements  will  be  negative  iff  det  Q*0.  and,  whenever 


det  Q > 0 then 


and  whenever 


(det[PB(rA)]  > 0 , all  4 - 2 
(det IP (rT)]  < 0 , all  4*3 


det  Q < 0 then 


' det  (PB  (rf)  ] < 0 , all  4 - 3 
[det(PB(r4)]  >0  all  4 *3 


(4.4.7) 


(4.4.8) 


where  4 -3  means  4 even.  Furthermore  using  a minors  expansion 


detQ-  £(-c.)  det[P„(r4)] (-1)*+1 
4-1 


B - 


& 


c.  det  [P  (rT)  ] (-1) 


B - 


(4.4.9) 


23  c,  det(P (rZ)]  - 23  c.  det(P  (rT)] 

4-3  * B ~ 4*3  1 B ~ 


Suppose 


det(PB(r4)l  >0  all  4 * 3 


det[PB(r4)]  <0  all  4 - 2 


(4.4.10) 


then  from  (4.4.9)  det Q < 0 and  (4.4.8)  is  satisfied.  Suppose,  on  the 
other  hand. 


- Lil i £iL 
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dst[P  (x5T)  3 < 0 all  l f 2 

B ~ (4.4. 11) 

det [P_  (rfT)  1 >0  all  i - i 

from  (4.4.9)  dat  Q > 0 and  (4.4.7)  ia  satisfied.  Thus,  no  matter 
whether  (4.4.10)  or  (4.4.11)  are  true,  det  Qj*0  and  (4.4.7)  - (4.4.8)  are 
satisfied. 

Q.E.O. 

An  immediate  consequence  of  (4.4.6),  (4.4.9)  and  (3.4.8)  is 


Lemma  4.4.3 

Assuming  the  links  of  S1  ordered  from  1 to  I S1 | , the  dual  variables 
and  link  weights  are  related  to  the  determinant  of  matrix  Q and  submatrices 
of  PQ  by  the  following  relations 


ira  “ ea  det[PB(JS)] 


det  Q -D 


. det[P  (££)]  , 

1 r-5 (-1  r 


£,  aes 


£€S 


(4.4.12) 


where  is  the  total  equivalent  capacity  of  S1,  defined  in  (3.4.8). 


□ 


Theorem  4.4.2 

If  Q-1 (ri)  is  the  i-th  row  of  Q_1 

Q-1 (ri) c1  - ^ Q 1(i,l)cl  - 0 
l-l 

Q_1  (ri)Q(c^)  - Q“1(r±)C?L<3)  - 0 all  i + j 


I 

(4.4.13) 


(4.4.14) 
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I 

r. 


I 


i 


f 


L 


At 


where  C1(j)  is  the  reduced  circuit  of  variable  j. 

Q”1(ri)C1(i)  - 1 (4.4.15) 

Proof 

Obvious  from  Q_1Q  « I 
Corollaury  L4.4.2 

No  row  of  Q 1 except  the  first  cam  have  all  its  elements  of  the  same 
sign.  Furthermore  if  c„  ■ c , all  a,  l e S1  the  sum  of  the  elements  of  any 
row  of  Q 1 must  be  equal  to  zero. 

□ 


4.5  The  Capacity  Normalized  Network 

He  saw  in  section  3.4  that,  given  S1  and  the  set  of  allowable  paths 
from  an  optimal  solution  of  (LP1) , we  are  able  to  work,  for  most  purposes, 
with  a capacity  normalized  matrix.  As  we  shall  see  in  Section  4.6,  this 
cam  be  useful  in  simplifying  computations  and  reducing  round-off  errors. 
The  aum  of  this  section  is  to  relate  the  dual  variables  and  Q-matrices 
for  the  general  and  normalized  network.  It  is  cleau:  that,  except  for  the 
capacity  vector,  the  remaining  matrices  of  (4.2.8)  and  (4.2.15)  will  be 
identical  in  both  networks.  Furthermore,  from  the  discussion  of  Section 
3.4,  it  is  also  easy  to  see  that  the  link  weights  will  be  identical  in 
both  networks.  Denoting  by  tilde  "A'  the  variables  corresponding  to 
the  normalized  network  we  cam  write,  see  (3.4.8), 


* Ex 


l e s 


;1  ■ Ex 


ies 


(4.5.1) 


-2 


Moreover,  from  (3.4.1), 


.2 1 ”1 


tes 


lcl  m -1 


H1  t - -1 

JL  e s 


(4.5.2) 


and  alao 


all  1 6 S1 


(4.5.3) 


Since  most  sums  of  this  section  will  be  over  the  set  S1,  we  will 
omit  its  specific  citation  unless  we  feel  it  necessary  to  avoid 
confusion.  First  we  present  some  relations  between  the  actual  and 
normalized  values  of  the  dual  variables  that  will  be  used  later. 


TrfMimn  4.5.1 

i)  IT^D1  - ifjD1  all  A e S1 

ii)  \ ^ -«  \ 

\ - Vt)*i  4 - \ 

lU)  (FMfP1'1)  ■ e 4 ■ 1 

Proof: 

i)  Obvious  from  (4.5.3) 


(4.5.4) 

(4.5.5) 

(4.5.6) 


1 
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ii)  From  (4.5.4),  (4.5.1)  and  (4.5.3) 


Similarly  for  the  other  relation 


iii)  Obvious  from  (4.5.5) 


The  structures  of  Q and  Q are 


Q . E . 0 . 


Q - • p 


B ''  Qm  * P! 


(4.5.7) 


These  two  matrices  are  related  by  the  following  theorem 


Theorem  4.5.1 


The  inverse  of  the  saturation  matrices  of  the  general  and  normalized 
problem  satisfy 


•I  X 

Q - £ Q ip 


( 4.5.8) 


* — 1 1 -I 

Q - f Q ¥ 


where 


W m l/jlp  ml 


*P  - e I + ipr 


(4.5.9) 


*P  - e I + Tpr 


and  where 


* 


* d 1 s 

IT-  f • • • # «_  i " 
1 <1 


- . - (c^Dir1 

1 3 — 


(4.5.10) 


e and  e are  given  in  (4.5.5) 


Proof: 


Note  that  Q from  (4.5.7)  can  be  written 


q a a p + , 0 ■ Q + • [1,0, ...,0] 


Applying  to  (4.5.11)  Theorem  AI.3  of  Appendix  I yields 
q"1^  ~-l 

a'1,  a'1  +fzr~ V-  161  * V 

i i 

Similarly 

M 

fi  - Q + . [1,0,. ..,0] 


and  applying  again  Theorem  AI.3  yields 

, -1  <fV  0-l 

o"1  - o 1 + _ — ° - - ^r-  tei  + 


(4.5.11) 


(4.5.12) 
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These  are  the  expressions  of  (4.5.8).  To  prove  - $i|/  - I we  have  just 
to  multiply  the  two  equations  of  (4.5.8)  and  use  (4.5.6). 

Q.E.D. 


Thus  we  see  that  both  inverses  are  related  through  simple,  structured, 
relations.  Furthermore,  these  relations  allow  us  to  go  in  either  direction 
(from  Q to  Q or  vice  versa)  without  inverting  any  matrix.  These 
facts  can  be  very  helpful  in  simplying  computation . 

Since  Q ^ and  Q ^ have  the  structure  below 


we  should  be  able  to  obtain  from  Theorem  4.5.2  the  results  of  Theorem 
4.5.1.  In  fact,  it  is  a very  simple  exercise  to  verify  that  this  is 
true. 

From  previous  results  it  is  also  very  simple  to  prove 


Lemma  4.5.2 

det  ip  ” 
det  ip  m 


£<q-l) 

£(q-l) 


Lemma  4.5.3 

det  Q - (det  (Q-1)]"1  - - e det  Q 
det  Q - (det  (Q-1)]”1  - -e  det  Q 


Lemma  4.5.4 
det  ^ 

det  Q m 31 


a 


i 


1 


Now,  that  the  relations  between  the  general  and  normalized  problem 
are  known,  we  will  be  able  to  work  with  a normalized  network  without 
loss  of  generality.  The  differences  between  these  two  problems  are  re- 
duced even  further  if  we  work  with  link  weights  instead  of  link  dual 
variables,  since  they  are  the  same  in  both  problems.  Furthermore,  we 
can  write  a theorem,  entirely  analogous  to  Theorem  4.5.2,  where  the  dual 
variables  are  replaced  by  weights.  For  this  purpose  define 


fl-1  A „1«-1 

00  - D Q 

Q-1  - S1  q'1 
0 

- dS 


£ A ~1* 
4>a  - ni 


(4.5.14) 


v*ere  clearly,  from  (4.5.9),  (4.5.10)  and  Theorem  4.5.1, 
l|»e  - D1  £ I + D1^  - -D1!  + 4»o0 

A 1 A 

*e  m 1 * *08 

and 

*9  ■ - -*08 


(4.5.15) 


(4.5.16) 


’((g  + $0  - - (D1+D1)  1 * -D1 
Furthermore  from  # ■ # -I  w have 

Wq  * We  - ^ 
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Also,  replacing  (4.5.14)  in  (4.5.8)  and  using  Theorem  4.5.1  yields 


-—1  D *“1^  j“l»  *_1* 

qq  - q i(i  » -d  g 4>  m -Q  $Q  - -Q0  i|) 


^e1  " ~Q~\  “ 


Using  Lemmas  4. 5. 1-3  we  summarize  these  results  as 


Theorem  4.5.2 

The  inverse  of  the  weighted  saturation  matrices,  defined  in  (4.5.14), 
of  the  general  and  normalized  problem  satisfy 


5^1  - -s'\  - -S;;1* 
s;1  - -q~\  - -fljSi 


(4.5.17) 


where  ipg  and  $g  are  integer  matrices  that  satisfy 


i|>e  + *0  --(D^S1)! 


We  - We  " °1^1 


(4.5.18) 


I a-1 

det  <|»Q  - DA(DX)q  1 
det  ipQ  - (D^")q  1 


(4.5.19) 


Lemma  4.5.5 


-1  -1  <4-1  ~_i 

The  elements  of  Q , Qg  , Q and  Qg  are  related  as  follows 

Q~ 1 (i # j ) - Q-1  (if  j)  - 4iSQ"1(i*JOc. 

E k K 


L.  a 
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and  techniques.  A simplification  that  can  always  be  made,  and  that 
among  other  simplications  could  reduce  round-off  errors,  is  to  perform 
the  inverse  operation  on  the  normalized  matrix  Q and  use,  then,  the  results 
of  section  4.5. 


Method  I (Gauss- Jordan) 

This  method  consists  on  the  application  of  Theorem  AI.l  of  Appendix 
I,  to  invert  Q.  As  an  example  we  consider  the  inversion  of 


r-i  -i  o ii  i . 


-i  i-i  i i 


-1  0 0 -1  l. 


-1  1 1 ll  l. 


win 


-1-101:1000" 


-1  1-11:0100 


-1  00-1:0010 


-1  111:00011 


r-2  -100 


1-2  1-10 


-1  00-1 


-2  110 


10  10" 


0 110 


0 0 10 


0 0 11. 


r-2  -100 


1-4  0-10 


1-1  00-1 


1-8  000 


10  10 


112  0 


0 0 10 


2 14  1 


8 0 0 0 


0-4  0 0 


0 0-2  0 


0 0 0 -8 


-2  -1  -4  -1 


2-1  0-1 


0 1 0-1 


-2  -1  4 -ll 


8 0 0 0 


0 8 0 0 


0 0 8 0 


0 0 0 8 


-2  -1  -4  -1 


-4  2 0 2 


0-404 


2 1-4  lj 


[8I|q‘L]  - 8 [ 1 1 Q_1] 


A L, 


r* 
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''l  1 

where  obviously  D ■ D * 8,  and  where  many  of  the  properties  of  Sections 
4.4  and  4.5  can  be  seen  inspecting  and  Q It  is  clear  that  due  to 
the  structure  of  Q this  method  can  be  very  attractive  in  many  cases. 

Aside  from  the  possible  simplification  that  this  procedure  may  intro- 
duce in  the  computation  of  Q \ this  method  can  be  also  useful  to  provide 
some  additional  insight  into  the  relations  among  Q,  Q 1 and  the  circuits 
of  the  network.  One  obvious  immediate  consequence  is  the  complete 
equivalence  that  exists  between  the  canonic  equations  and  the  Q-matrix, 
see  also  Section  3.6.  We  can  easily  see  that  finding  the  canonic  ratio 
in  Section  3.6  is  entirely  equivalent  to  performing  row  operations  on 
[Q  IJ  to  obtain  a row  where  only  the  first  one  of  the  first  |s^|  elements 
is  nonzero.  Similarly  the  process  of  finding  the  equivalent  capacity  of 
a flow  variable  is  completely  equivalent  to  the  process  of  producing  by 
row  operations  a row  of  zeroes  except  for  the  element  corresponding  to 
that  variable.  In  fact,  as  we  will  see  in  Chapter  VI  when  we  study  the 
dynamic  of  the  first  saturation  problem,  there  exists  a correspondence 
between  the  sensitivity  factors  of  section  3.6  and  the  elements  of 
Q \ Now  we  move  to  derive  some  of  previously  mentioned  relations. 


Theorem  4.6.1 


n M 


- o 


(4.6.1) 


and  the  {6^}  are  positive  integers  with  a greatest  common  divisor  of  1 
for  all  Si,  then  6^  is  the  weight  of  link  1*  for  all  les^. 


From  Theorem  AI.l  and  the  fact  that  the  first  row  of  [Dxl|Q~'L] 
is  [D^O...O  |-8],  that  is,  it  has  zeroes  in  all  positions  corresponding 
to  matrix  PQ. 

Q.E.D 


Corollary  4.6.1 

If  all  reduced  circuits  have  the  same  number  of  links  in  the  posi- 
tive and  negative  directions  then  9^  - 1,  all  1 e S1,  because  in  that 
case 


les 


□ 


It  follows  that  to  obtain  the  link  weights  we  have  just  to  solve 
system  (4.6.1).  Since  rank  ” |s^[  - 1 this  system  of  equations 
will  have  infinite  solutions,  as  expected  from  Section  3.4.  We  will 
consider  the  smallest  integar  solution.  Note  that  from  the  structure 
of  PB,  system  (4.6.1)  will,  in  general,  be  very  simple  to  solve.  In 
many  cases  PB  will  have  a triangular  or  quasi -triangular  structure. 

For  the  previous  example,  for  instance,  we  can  reorder  rows  and  columns 


of  P to  give  the  system 
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and  by  inspection,  conclude 

944  " 912 

9U  * 814  * 912  * 29Z2 

6m  • 9«  * 0l2  * 9n  • 49t2 

This  immediately  gives  the  weights  0 ■ [2  1 4 1] . Once  vector  0 is 

known  we  can  reduce  by  one  the  dimension  of  the  system  to  be  solved  to 
obtain  the  remaining  rows. 

The  advantage  of  the  row  transformation  method  is  that,  aside  from 
the  fact  that  Pg  or  PQ(ci)  could  be  written  many  times  in  quasi- triangular 
form,  it  is  very  easy  to  detect  when  two  weights , or  two  variables  of 
Q 1(ri),  are  equal  in  value,  and  thus  we  can  reduce  ismediately  the  dimen- 
sion of  the  system  of  equations  to  be  solved.  For  this  matter  consider 
that  two  variables  will  be  equal  if 

- they  belong  to  a reduced  circuit  that  only  contains  these 
two  links  or 

- there  exists  a circuit  that  differs  from  another  in  P only 
in  the  fact  that  two  links  have  different  directions. 


Method  II 

T 

Let  7 denote  matrix  Q Q,  where  here  T means  transpose.  Using  a 
well  known  result  of  matrix  analysis  we  can  write 


Q_1  - (QTQ)_1QT  - V "V 


(4.6.4) 


Therefore,  if  7 has  an  easily  invertible  structure  we  can  have  seme 
advantage  by  using  (4.6.4).  In  the  first  place  7 is  symmetric,  and  thus 


so  is  V ; therefore  only  half  of  the  elements  have  to  be  computed . 
Furthermore,  since  the  elements  of  V sure  the  scalar  product  of  two 
columns  of  Q,  we  have 


Lemma  4.6.1 


For  a capacity  normalized  network 


7(1,1) 


- Is1!  - 


7 (i,i) 


■ # of  links  on  the  reduced  circuit  for  the 
i-th  variable  (all  i^l) 


7(1, i)  * V(i,l)  - difference  between  the  number  of  links  on  the 
negative  and  positive  direction  of  the  reduced 
circuit  of  the  i-th  variable  (all  ij*l) 

V(i,j)  = V(j,i)  * difference  between  the  number  of  links  that 
are  common  with  the  same  sign  and  common 
with  different  sign  on  the  i-th  and  j-th 
reduced  circuits 


4 2 


2 2. 


Method  III 


Suppose  that  matrix  Q has  some  zero  entires,  i.e.,  suppose  that 
not  all  staturated  links  are  included  in  all  reduced  circuits,  and  that 
we  can  reorder  the  rows  and  columns  of  Q in  such  a way  that  we  isolate 
a submatrix  of  zeroes  (not  necessarily  including  all  the  zeroes  of  the 
matrix  Q) . Consider,  also,  that  this  submatrix  of  zeroes  is  large 
enough  to  allow  the  existence  of  the  following  matrix,  obtained  from 
Q by  moving  the  zero  submatrix  to  the  top  right-hand  comer  and  the 
column  corresponding  to  variable  a to  a position  immediately  to  the 
left  of  this  matrix,  as  shown  below 


f 
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Here  K and  G aura  kxk  and  gxg  (k+g * q)  square  matrices,  respectively, 

K G 

and  c and  c are  the  capacity  vectors  for  links  corresponding  to  the 
top  and  bottom  partitions  of  Qq,  respectively. 

Consider  the  inverse  Q^-  and  partition  it  in  similar  blocks 


Note,  from  the  structure  of  the  matrix  G,  that  we  can  consider  it 
to  be  the  Q-matrix  of  a subnetwork  that  could  be  obtained  from  the 
original  network  by  deleting  all  links  not  involved  with  the  requirements 
using  the  links  of  G.  This  new  Q-matrix  will  have  its  own  internal  set 
of  equivalent  dual  variables  and  link  weights.  Let  tt  denote  the 
vector  of  inner  dual  variables  for  this  subnetwork,  and  let  G and  K 
denote  not  only  the  submatrices  of  (4.6.5)  but  also  the  sets  of  saturated 
links  in  G and  K;  then  we  have 


Theorem  4.6.2 

The  matrices  defined  in  (4.6.1)  and  (4.6.2)  are  related  as 


Y - h W(rl) 


(4.6.7) 


U - -WD 

where 


(4.6.8) 


0 - (1+y)  I - cVdk 


Here  y is  the  scalar 


- X 


y m irGv  - ^ 
leG 


and  W(rl)  is  the  first  row  of  matrix  W and  ir  - G (rl). 


(4.6.9) 


Proof i 

From,  Theorem  XI. 2 we  have 

X - (K  - CG_1D) _1 
W-  (G-  DK~^C) _1 

Y - -k"1OJ 

u - -G-1nx 


where  C is  the  upper 
C - [-c*|oi  . 


right  head  earner  matrix  of  i.e. 


(4.6.10) 


Manipulating 


dk_1c  - or-1[-cK  oi  » i-bk”1®* |oj  - i-v|oi  - -v(io...o) 


note  that,  from  Theorem  4.5.2,  we  can  write 


-1 


ftc1 


* 


a'1  ,_i 


frc 


[ire  I - (c  - c )TT] 


(4. 


where  81  - (1,1,..., 1)T  is  the  capacity  vector  for  Q.  Thus  Ac1  - 
c1  - c1  gives  the  change  in  link  capacity  incurred  when  moving  from 
Q to  Q. 

Similarly  from  (4.6.7)  - (4.6.9) 


-1 


w ■ 


l+irGv 


((1+ttGv)I  - virG] 

l+irGv 


(4 


But  from  the  properties  ol’  dual  variables,  (3.4.1), 


G G . 
ir  c ■ -1 


(4 


so  that 


G G G G G , G, 
1 + tt  v ■ ir  v * f c • ir  (v-c  ) 


(4 


Defining 


W G 
c ■ c -v 


(4 


and  substituting  in  (4.6.14)  we  have 


„ _ S*1  r,G  WT  , W G,  _G, 
W ■ ■'  w [ir  c I - (c  -c  )ir  j 

IT  C 


(4 


Furthermore,  from  (4.2.31)  and  (4.6.5) 


ir1  - iris1)  - q”^ (rl)  - Q^L(r(k+l))  - [u(rl)|  w(rl)l 


(4 


Comparing  (4.6.18)  with  (4.6.13)  and  using  (4.6.19)  and  the 


6.13) 


.6.14) 


.6.15) 


.6.16) 


.6.17) 


.6.18) 


.6,19) 


results  of  Section  4.5,  we  conclude: 
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Lemma  4.6.2 


The  weights  of  links  of  G , generated  by  considering  subnetwork 
G alone,  are  the  same  as  the  weights  of  these  links  obtained  by  con- 
sidering the  entire  network. 

A related  result  is 
Lemma  4.6.3 

v is  a vector  of  negative  numbers,  obtained  independently  of  G, 
whose  absolute  value  has  to  be  added  to  vector  cG  to  provide  subnetwork 
G with  a correct  value  of  the  equivalent  capacity  a1  that  corresponds 
to  the  entire  network. 

Proof; 

Although  this  Lemma  also  follows  from  the  same  results,  we  find 
it  useful  to  prove  it  explicitly. 

The  value  of  the  dual  variables  that  corresponds  to  links  of  G 
when  this  subnetwork  is  considered  in  isolation  is 


G Ql 

" 1 

°G 


all  l e G 


(4.6.20) 


where 


G G 


- e°c 

G zeozz 


(4.6.21) 


The  value  of  the  dual  variables  of  these  same  links  when  they  are 
considered  immersed  in  the  whole  network  are,  considering  r-ai—n  4.6.2, 


all  leG 


where  now 


- 22 


(4.6.22) 
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D1  - 0GcG  + 0*cK  (4.6.23) 

and  0K  is  the  set  of  weights  of  links  of  K when  the  problem  is  solved 
on  the  entire  network.  But  from  (4.6.18)  we  also  have 


I -G  w 
D « 0 C 


0G(cG-v)  » 0GcG 


-0GV 


(4.6.24) 


Thus  frcn  (4.6.24)  and  (4.6.23) 

0KcK  - -eGv  , 

Since  0K,  cK  and  0G  are  greater  than  zero,  we  conclude 
v < 0 


(4.6.25) 


(4.6.26) 


Furthermore  (4.6.24)  also  proved  the  second  part  of  the  Lemma 

QeJSeDe 


From  these  results  we  can  write 

Theorem  4.6.3 

If,  by  means  of  row  and  column  permutation,  matrix  Q can  be 
written  as  in  (4.6.5),  we  can  conclude: 

i)  There  is  a hierarchical  division  of  the  requirements 
of  R1  into  two  sets:  the  set  using  links  of  G alone, 
and  its  complementary  set  in  R . 

ii)  The  net  effect  of  the  upper  level  network  on  subnet- 
work G,  is  that  of  modifying  the  capacity  vector  of  G 
from  cG  to  cG  - v,  where  v is  a negative  vector  given 
in  (4.6.9). 

iii)  subnetwork  G,  that  in  addition  to  its  internal  traffic 
will  receive  sobm  traffic  from  the  outside  network  K, 


hit 


can  be  treated  independently  of  the  rest  of  the  network  by 
associating  the  external  traffic  coming  into  it  with  an 
increment  in  some  corresponding  internal  requirements.  In 
this  way  a reoptimization  involving  only  subnetwork  G can 
be  initiated  by  means  of  a gxg  saturation  matrix.  The  actual 
Q- matrix  of  the  whole  network  can  then  be  updated  using  the 
results  of  Theorem  4.6.3. 

iv)  If  matrix  G has  also  some  zero  entries,  and  can  be  partitioned 
as  in  (4.6.5),  the  same  procedure  can  be  applied  to  it.  In 
this  way,  we  have  R1,  S1  and  the  network  itself,  divided 
into  hierarchies , and  we  can  reoptimize  first  within  each 
hierarchy,  and  then  transmit  the  necessary  information  out- 
wards. 


Although  we  will  go  back  to  these  results  in  Chapter  VI,  when  we 
study  the  reoptimization  process,  we  will  write  now,  for  the  sake  of 
completeness,  the  relation  between  the  dual  variables  of  Q and  G. 


Lemma  4.6.4 

The  dual  variables  of  the  whole  network  are  related  to  the  inner 
pseudo  dual  variables  of  subnetwork  G,  with  capacity  vector  v,  by  the 


following  relations: 


l 1+y  ' 


all  le  G 


(4.6.27) 


ir4  - - £ TTaDK(a,f)  all  l e K 


where  D„(a,&)  is  the  (a,2.)-th  element  of  matrix  D„. 
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Proof: 


From  (4.2.31)  and  (4.6.5) 


ir1  - iris1)  - Q’^rl)  - Q^CrOc+l) J 


But  fron  Theorem  4.6.2 


irG  . 


I0(rl)|  w(xl)J 


wcxl)  ■ T—  H 


0(xl)  - -W(rl)DK  , 


so  the  5.-th  components  of  these  vectors  are 


^ [”t  - ’'lEfo  * "'Z'i’J 


0(1.1)  - - y*  W(1,A)D  (l,i)  « - 52  IT  D (a.i)  . 
»T5  K a e G a K 


Q.B.O. 


0 Is  obviously  the  matrix  that  relates  K to  G.  That  is.  it  has  the 
information  of  how  the  links  of  G appear  in  the  saturated  circuits  of 
commodities  originated  outside  subnetwork  G.  Clearly  if  D~0.  then  D > ■ 0, 

v - 0 and  there  is  no  sharing  between  the  two  subnetworks;  this  case 

* 

will  correspond  to  an  unstable  situation. 

The  problem  with  this  third  method  is  that  we  need  a saturation 
matrix  that  can  be  written  in  the  form  (4.6.5).  If  all.  or  most, 
saturated  links  appear  in  all.  or  most,  saturated  circuits  then  it  is 
not  possible  to  write  Q in  the  fora  of  (4.6.5).  We  anticipate  that  many 
practical  cases,  however,  will  exhibit  the  structure  of  (4.6.5),  so  that 


CHAPTER  V 

THE  SUCCESSIVE  SATURATION  PROBLEM 

1 1 i — — . . i. 

5.1  Introduction 

In  this  chapter  we  study  the  problem  of  lower  saturation  levels  when 

the  solution  to  (LP1)  is  not  unique.  Since  the  ideas  supporting  a lower 

level  optimisation  were  presented  in  section  2.4,  we  will  not  repeat 

them  here.  On  the  other  hand  we  will  present,  in  this  introduction,  some 

facts  and  results  concerning  nonuniqueness  and  the  space  of  solutions  of 

(LP1)  that  will  be  used  in  later  sections. 

We  have  already  said  that  the  solution  to  (LP1)  will  not,  in  general, 

be  unique.  We  proceed  now  to  characterize  a non-unique  solution  in  terms 

of  the  various  subsets  in  which  links  and  flows  can  be  partitioned,  given 

an  optimal  solution  to  CLP1) . But  first  we  introduce  some  definitions, 

many  of  which  have  already  been  established  but  which  are  repeated  here 

for  convenience.  Since  we  will  be  working  with  various  levels  simultaneously 

we  will  use  a superscript  to  characterize  these  levels.  Given  an  optimal 

1 

basic  solution  to  (LP1) , where  B denotes  the  optimal  basis  , we  define : 

• for  the  links,  the  sets 

S0  " {AISZ  " 0 ' i6Lh 

s1  - Uls^  - o,  < o,  l e L)  » sxc  s*  , (5.1.1) 

sj  - tt|8jl  >o,  l e L}  i sjc  b1  , 

(.*)  l 

B stands  not  only  for  the  basic  matrix  but  also  for  the  set  of  elements 
in  the  basis. 
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S1  - L-S1  - S J U (sj  - S1),  and 


• for  the  flows  the  sets 


{f£(n) |fA(n)  >0,  f^(n)  e F>  ; 

fb  C b1. 

{f£(n) |i  e T(n) , f4(n)  e F*}  ; 

fbt  ^ fb  ' 

1 1 1 , 1 

tB  “ FBT  ; PBAC  FB  ' 

{f^(n) |f^(n)  = 0,  f^(n)  e F}  » 

P*PB  ’ F5nBl-*. 

{f^(n)  |z^(n)  > 0,  fj ^(n)  e F^J; 

pi  - 

{fj,<n)  j z2,(n)  = °»  f£,(n)  e 

PJ  c pff  ■ 

(5.1.2) 


where 


- F1  U F^ 
B + 0 


In  Fig.  5.1.1  we  represent  a tableau  that  corresponds  to  an  optimal 
solution  partitioned  according  to  previous  definitions.  As  we  have  seen 
in  Chapter  IV  we  can  represent  the  transition,  when  finding  an  optimum 
solution,  from  Step  1,  (4.2.8),  to  Step  2,  (4.2.21),  as  a transition 
from  Tableau  I to  Tableau  II  of  Fig.  5.1.1  below.  We  have  also  included 
the  RHS  and  partial  cost  vectors  in  these  tableaus  for  convenience  and 
the  sake  of  completeness. 

Note  that  Tableaus  I and  II  only  correspond  to  the  upper  parts  of 
(4.2.8)  and  (4.2.21)  respectively.  Since  the  spanning  trees  are  in- 
variants in  the  process,  the  lower  part  is  of  lesser  interest  for  us, 
at  this  moment,  than  the  upper  part . 
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To  infer,  from  these  tableaus,  the  uniqueness  or  not  of  problem  (LP1) 
we  make  use  of  Theorem  3.2.2  to  write  the  foUowing,  rather  obvious, 
result: 

Lemma  5.1.1 

The  solution  to  (LP1)  is  unique  iff  fJ  and  sj  - S1  are  empty  sets. 

□ 

According  to  Definition  3.5.1  if  sj  * S1  then  the  optimal  basic  solution 
is  minimal.  Fran  the  comments  made  in  Section  3.5  it  is  apparent  that 
we  are  interested  in  minimal  solutions,  since  a nonminimal  solution  cannot 
be  optimal  for  lower  saturation  levels,  if  the  present  solution  is  not 
minimal,  but  the  problem  is  not  unique  and  there  exists  an  optimal  basic 
solution  that  is  minimal,  we  will  shift  to  a mSwiiMi  solution,  on 

this  chapter  we  will  see  how  to  deal  with  problems  where  none  of  the  opti- 
mal basic  solutions  is  minimal.  We,  thus  again,  make  the  assumption 
that  we  are  dealing  with  a minimal  solution. 

We  will  now  prove  a result  complementary  to  5.1.1. 

/ 

Lemma  5.1.2 

If  the  solution  to  (LP1)  is  not  unique  then  any  possible  variable 
entering  the  base  must  enter  at  a finite  level,  in  consequence,  every 
zero-coaf  column  must  have  at  least  one  positive  component. 

Proof: 

Fran  linear  programing  it  is  known  (129] , page  167)  that  any  zero 
cost  variable  can  be  made  basic  and  enter  at  a finite  level  if  it  has 
a positive  component  in  its  column.  Moreover  based  on  physical  grounds, 


t 
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we  already  know  that,  far  this  problem,  none  of  the  variables  can  became 
unbounded,  therefore  each  column  with  zero  cost  must  have  at  least  a 
positive  component. 

Q.E.D. 

He  can  now  extend  another  linear  programming  result,  for  bounded 
problems,  to  (LPl)  and  write 

Lanma  5.1.3  (129],  pag  99,  [28],  peg  22) 

If  the  solution  to  (LPl)  is  not  unique  then  there  are  an  infinite 
number  of  solutions,  where  any  convex  combination  of  two  or  more  optimal 
basic  solutions  is  also  an  optimal  solution.  Thus  the  solution  space 
is  a convex  polyhedron  whose  vertices,  or  extreme  points,  are  the  optimal 
basic  solutions  of  (LPl) . 

□ 

The  purpose  of  the  lower  level  problems  is  to  successively  reduce  the 
size  of  the  polyhedron  until  it  is  converted  into  a single  point,  or 
into  the  smallest  possible  polyhedron,  in  case  the  solution  to  the 
successive  problem  is  not  unique.  Suppose  this  single  point,  or  "smallest” 
polyhedron,  contains  one  of  the  vertices  of  the  original  polyhedron, 
defined  in  Lemma  5.1.3.  Then,  the  task  of  finding  an  -r^na)  solution, 
for  the  successive  problem,  would  be  rather  slap  la  because  it  would  con- 
sist of  finding  the  appropriate  optimal  basic  solution  of  (LPl),  and  there 
already  exist  procedures  to  solve  this  problem  (see  [29]).  in  general, 
though,  the  solution  will  be  at  the  interior  of  the  convex  polyhedron, 
and  the  satement  of  problem  (LPl)  will  not  be  enough  to  find  the  point. 

Bow  to  state  the  new  problem,  once  an  optimal  solution  to  (LPl)  is  known. 


; 


B 


and  how  to  exploit  the  information  provided  by  the  solution  of  (LPl) 
much  as  possible,  are  the  subjects  of  this  chapter. 


as 


5.2  The  Second  Saturation  Level 

Ibe  purpose  of  the  second  saturation  level  is  to  shrink  the  solution 
space  of  (LPl),  whenever  this  solution  space  is  more  than  a single  point, 
to  a subspace  containing  solutions  that  will  also  minimize  the  i-viim™ 
saturation  level  of  links  not  in  S1.  From  (2.4.1)  and  (2.2.6)  this 
problem  can  be  formulated  as 


min  a 


s.t. 


Ev1”  i 


Vt.  ■ lts‘ 


a2c^  , otherwise 


E(rri)  f (n)  « r(n) , all  n e N 


(5.2.1) 


f > ° 

a2  ^ o 

where  a*  is  the  optimal  value  of  a1  from  (LPl) . 

Note,  however,  that  formulated  in  this  way  the  only  use  that  is 
made  of  the  information  contained  in  an  optimal  solution  of  (LPl)  is 
the  value  of  a*  and  the  composition  of  set  S1.  Thus,  to  solve  (5.2.1), 
many  of  the  computations  already  performed  during  the  solution  of  (LPl) , 
will  have  to  be  repeated.  This  circumstance  can  be  avoided  if  we  formu- 
late the  second  problem  in  a slightly  different  manner.  For  this  purpose 
suppose  that  S1  denotes  the  convex  polyhedron  of  optimal  solutions  of 
(LPl);  then  (5.2.1)  is  equivalent  to 
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min  or 


+ 8, 


aocz  ' 1 e s1 


(5.2.2) 


a c.  , otherwise 


<aj,  sT,  fT)  e S1 


It  seems  reasonably  clear  that,  knowing  an  optimal  solution  to  (LPl) , 
Tableau  II  of  Pig.  5.1.1,  completed  with  its  corresponding  lower  part, 
can  be  a starting  point  to  solve  (5.2.2).  To  proceed  with  the  optimiza- 
tion from  this  tableau  we  first  have  to  add  the  column  of  variables  a2. 

Since,  from  (5.2.1),  this  column  has  zeroes  in  all  positions  corresponding 
to  links  of  S , and  all  pivots  needed  to  arrive  to  Tableau  II  take  place 
in  rows  of  S1,  it  is  obvious  that  a2  does  not  need  to  be  updated  to  enter 
the  tableau.  Once  a2  is  inserted  in  the  tableau  the  first  pivot  operation 
must  take  place  at  a , since  it  is  evident  that  a2  must  be  made  basic  and, 

on  the  other  hand,  the  tableau  was  optimal  before  a2  was  entered.  Nevertheless, 
2 

since  a is  a column  whose  nonzero  elements  are  equal  to  -1  and  whose  cost 

2 

is  equal  to  1,  making  o basic  makes  the  system  lose  its  primal  feasibility. 
Although  for  optimization  purposes  this  is  not  necessarily  an  undesirable 
property,  it  turns  out  that  it  is  easier  to  study  the  problem  if  we  avoid 
this  situation.  This  problem  can  be  easily  overcome  if  instead  of  a2  we 
use  a new  variable  fi2  defined  as  the  slack  between  and  a2,  that  is 


e2--1  -a 


°0  “ a 


(5.2.3) 


In  this  case  the  new  objective  function  is 


62  - min  -B2 


(5.2.4) 
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and  the  column  6“  is  the  opposite  of  the  a column.  It  is  worthwhile 
2 2 

to  observe  that  6 , or  a , is  the  variable  that  will  allow  the 
system  to  leave  the  boundary  of  and  move  to  interior  points. 

The  new  pivots  of  this  optimization  method  will  take  place  in 
this  expanded  tableau.  Note,  however,  that  the  condition  of  not 
leaving  prevents  the  system  from  making  pivots  within  S1  or  F^, 
since  sone  of  the  variables  in  these  sets  can  be  made  basic.  The 
variables  in  and  F^,  become,  in  fact,  null  variables  after  the 
first  problem  and,  see  Section  3.2,  they  can  be  deleted  from  the  tableau 
and  adjoined  to  the  constraints  through  the  equalities  s (sS  » 0, 


To  continue  our  investigation,  it  will  be  convenient  to  write 
the  objective  function  of  (5.2.2.)  first  as 


min  aj  - B2 


(5.2.5) 


and  then,  since  a1  cannot  be  smaller  than  aj,  as 


1 2 
min  a - S> 


(5.2.6) 


1 . 1 
a ia0 


In  view  of  thse  facts  the  second  saturation  problem,  in  matrix  form, 
can  be  written  as 


-i. ^ 


min  a - 8 


?2  £2 
A x * b 


(5.2.7) 


x > 0 


sfS1)  -0,  F*  - 0 


where 


xT  - (51,  B2,  a1,  sT(S1),  (fV) 


(5.2.8) 


T —1  —1  1 

and  where  s (s  ) are  the  slacks  for  links  in  S , f is  the  flow  vector 

without  the  elements  of  F^  , A11  is  matrix  A1  of  (3.1.3)  without  the 

columns  corresponding  to  links  of  s1  or  flows  of  F*,  61  is  the  slack 

between  ct^"  and  aj  (i.e.,  + 5^  » a^) , and  c^-  and  b are  defined  in 

(4.2.3)  and  (3.1.4)  respectively. 

To  solve  this  problem  one  can  start,  as  we  said  before,  with  a 
modified  version  of  Tableau  II.  This  new  tableau  is  obtained  from  the 
previous  one  by  deleting  the  columns  corresponding  to  the  variables  in 
s(sS  and  F*,  adding  the  updated  columns  related  to  variables  61  and 
8 and  adding  the  updated  row  corresponding  to  the  constraint  n1  + 61 » ci1 
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The  two  new  columns  will,  of  course,  enter  the  tableau  without  any  up- 
dating since  they  have  zero  coefficients  for  the  variables  in  s (S1) . 

With  respect  to  the  new  rcw  note  that  its  updating  will  be  given  by  the 
structure  of  the  cost  row  of  Tableau  II.  Since  this  row  has  zero  co- 
efficients in  all  places  corresponding  to  variables  cc1,  ste1  ) and  f1, 
the  updated  row  will  have  zero  coefficients  everywhere  except  for 
variable  51  that  will  have  a unit  coefficient.  Thus  61  actually  be- 
comes a zero  value  basic  variable. 

From  the  new  tableau  the  optimization  will  proceed  by  first  making 
32  basic,  remember  that  it  has  a negative  partial  cost,  and  then  enter- 
ing into  the  basis  the  elements  of  Fq  as  they  are  needed  to  successively 

2 

reduce  the  value  of  the  objective  function  a . Observe  that  none  of 
this  basis  changes  will  affect  the  structure  of  the  row  corresponding 
to  a*  + <5^  ■ a^,  that  will  remain  as  6^  ■ 0.  Therefore  we  can  conclude 

Lemma  5.2.1 

The  constraint  ot^  <_  aj  is  redundant  in  C5.2.7).  For  every  optimal 
solution  of  (5.2.7)  the  optimal  values  of  s(L)  and  F give  an  optimal 
solution  for  (LP1) . 

□ 

An  immediate  consequence  of  this  lemma  is  that  whenever  the  set 
of  nonzero  flows,  related  to  a basic  solution  of  (5.2.7),  do  not  cor- 
respond with  the  nonzero  flows  of  a basic  solution  of  (LPl) , as  will  be 

2 

the  case  in  general  unless  S is  composed  of  a single  link,  none  of  the 
optimal  solutions  of  (5.2.7)  will  lie  on  the  vertices  of  the  convex 
polyhedron  S1.  Thus  they  will  be  convex  combinations  of  basic  optimal 
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solutions  of  (If  1) , as  wo  predicted  earlier,  in  this  general  case  the 
solution  of  (5.2.7)  will  generate  a new  set  of  links  S2  that  will  saturate 

below  aQ,  unless  (Ifl)  is  unstable,  and  a new  set  of  alternate  paths 

2 2 
that  will  balance  the'  saturation  level  of  the  links  of  S . 


Another  consequence  of 
can  be  written  as 


5.2.1  is  that  the  constraints  of  (5.2.7) 


A2x  » b 
x > 0 

s (S1)  - 0,  F* 


(5.2.10) 


where 


T _ to2  r.1  T.-l  , ,.l.  T. 
* - (p  , a , s (S  ),  (f  ) ) 


(5.2.11) 


»s-  ol  u S (5.2.12) 

— A T 

N(K-l) 

J ♦ 

and  b was  defined  in  (3.1.4). 

In  order  to  avoid  the  need  of  explicitely  writing  the  equalities  for 
null  variables,  at  die  second  and  lower  level  problems,  we  now  introduce 


(5.2.12) 


the  following: 
Notation  Assuan 


Lon.  Whenever  a defined  link  slack  or  flow  variable 


does  not  appear  in  the  statement  of  a given  level  problem  the  missing 
variable  will  be  considered  a null  variable  for  that  problem. 
Simmering  these  results  and  assunptions  we  can  write 


5.2.1 


‘Hie  second  saturation  problem  can  be  stated  as 


I 


:*  “ 
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(LP2) : 


min  a1  - 82 

A2x  ■ b 
x > 0 
.2 


(5.2.13) 


where  x and  A are  defined  in  (5.2.11)  and  (5.2.12),  respectively,  and  b 
was  defined  in  (3.1.4). 


□ 


The  dual  problem  of  (LP2)  will  be 
(DP2)  : 

max  X2b 


,2.2  ^ 2 

X A < Y 


(5.2.14) 


where 


X2  - (it2,  a2)  - Or2,  02  (1) , . . . , a2  (N) ) 


2 

is  an  L+N(N-1)  vector  of  dual  variables  and  y = (1-1, 1,0, . . .0)  is  an 
NL+  1-  Is1 1 - |f^|  +1  row  vector. 

We  could  now  begin  a study  completely  parallel  to  that  carried  out 
in  Chapter  III,  and  define  and  describe  the  same  type  of  concepts  and 
results  that  were  studied  for  (LPl) . In  particular  we  could  define  a 
linear  region,  a stable  point,  the  set  of  canonic  equations,  etc. 

Since  most  results  will  be  totally  analogous  we  emit  them  here  and 
refer  instead  to  Chapter  III  whenever  needed.  Having  this  in  mind  we 
devote  the  remaining  part  of  this  section,  as  well  as  section  5.3  and 
5.4,  to  the  study  of  the  main  characteristics  of  problem  (LP2)  and 
(DP2)  and  their  analogies  and  differences  from  homologous  properties 
of  (LPl)  and  (DPI) . Although  totally  equivalent  to  Definition  3.2.2 
it. is  worthwhile  to  write  explicitly 


Definition  5.2.1 

?or  a stable  optimal  solution  of  (LP2)  , link  9.  belongs  to  the 


i — — x 
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second  saturation  set  s2  iff  ir  < o and  Z 8 S1. 

The  main  difference  between  Definitions  5.2.1  and  3.2.2  is  that  in 
5.2.1  we  have  to  add  the  condition  l 8 s1.  The  reason,  as  we  will  see 
in  Theorem  5.2.2  below,  is  that  applying  the  complementary  slackness  con- 
dition to  (LP2)  and  (DP2)  we  cannot  guarantee  that  ir^  > o for  all  Z e S1. 

We  now  state,  without  proof  since  it  is  entirely  analogous  to  the 
proof  of  Chapter  III,  a theorem  that  is,  for  this  problem,  the  equivalent 
of  Theorem  3.4.1  for  the  first  saturation  problem. 


Theorem  5.2.2 

Let  x and  X2  be  feasible  solutions  for  (LP2)  and  (DP2)  respectively. 
A necessary  and  sufficient  condition  that  they  both  be  optimal  solutions 
is  that  for  all  Z e L and  all  n € N 

i)  Por  all  1 e S1 


*1  < o ->  - o 

2 

■ 0 s^  > 0 
Par  all  l e s1 
£ unrestricted  in  sign 


ii) 


te  s 


lctm0 


y tt2 

IBS2 


c.  - -1 


(5.2.15) 


(5.2.16) 


Ui)  f4(n)  > o 


* CoW>  <n>  “ 


(5.2.17) 

□ 
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From  C5.2.15)  and  (5.2.16)  we  have 

Corollary  5.2.2 

2 1 

Either  “ 0 4 8 S , of  else  there  is  at  least  one  link  of 

1 2 
S for  which  > 0. 

□ 

Although  the  solution  to  (LP2)  will  simultaneously  the 

saturation  levels  both  of  arcs  in  S1  and  S2,  the  fact  that  components 

2 

of  the  dual  variables  ir  may  be  positive  prevents  a direct  assignment 

of  distances  to  the  arcs  of  S and  s . As  we  will  see  later  in  section 

5.4,  when  we  talk  about  distance  assignments,  it  will  be  convenient  if 

we  can  find  a transformation  that,  applied  to  vector  ir2,  will  give  an 
2+  2+ 

image  vector  ir  such  that  ir  <0.  It  turns  out  that  we  can  easily 
obtain  such  a correspondence,  by  eliminating  the  artifact  that  makes 
some  ir£  positive.  From  (4.2.28)  it  is  very  simple  to  see  that  the 
result  where  z ^ is  the  partial  cost  of  link  Z,  generalizes 

to  this  problem,  since  at  the  optimal  solution  all  costs  must  be  posi- 
tive or  zero,  the  only  reason  why,  for  some  ies1,  the  cost  may  be  nega- 
tive is  because  the  links  (slacks)  of  s1  are  treated  as  artificial,  and  not 
real,  variables.  Suppose  we  decide  to  incorporate  the  links  of  S^ 
and  the  elements  of  F*  as  active  variables  and  keep  the  constraint 
a1  ± QIq  i then  we  can  formulate  the  second  problem  as 
ttJ>2+)  : 

min  a1  - 82 

2+  .2+ 

A x - b (5.2.18) 

x > 0 


ttflBfHwul 


■ftai  - !!■  I IlMMWi 
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where 


JCT  - (81,  e2,  a1,  sT.  (f)T) 


10  | 1 0 ....  0 


b2+  - 62 


(5.2.19) 


The  matrix  A is  given  in  (3.1.3)  and  the  remaining  quantities  are  de- 
fined in  (5.2.9) . 

The  dual  of  (LP2+)  is 


(DP2+) 


n2+aj  + x2+b 


(n2+,  x2+,a2+  < y2+ 


(5.2.20) 


where 


X2+  - rt2*,  o2+) 


Y - (0,-l,l,0,...0) 


Similarly  to  Theorem  5.2.2  we  can  apply  the  complementary  slackness 
condition  to  obtain 


Theorem  5.2.3 


2+  2+  i 

Let  x and  (r|  , X ) be  feasible  solutions  for  (LP2+)  and  (DP2+) 

respectively.  A necessary  and  sufficient  condition  that  they  both  be 


optimal  solutions  is  that  for  all  l e L and  all  n e N 


i)  For  all  l e S 


.2+ 


-1 


^0  < 0 “ > Sg  M 0 


2+ 

- ° <-  s&  > 0 , 


for  all  Jl  e S1 


-r<o 


U) 


.2+  2+ 

£ Ci  “ n £ 0 


* 

les 

y _2+  , 

^8  Cs  " “1 


£e  s 


iii)  £*(»>  > 0 ->  -IT**  . c2o*w  („)  - o*^w  to)  . 


(5.2.21) 


(5.2.22) 


(5.2.23) 


We  can  see,  through  this  theorem,  that  tt2+  has,  in  fact,  the  desired 
properties.  The  obtaining  of  the  relation  between  tt2  and  tt2+  will  be 
left  for  section  5.4 


Because  of  the  similarity  between  problems  (LP2)  and  (LP2+),  and 
considering  the  additional  fact  that  the  solution  of  (DP2+)  can  be 
immediately  associated  with  a valid  distance  assignment,  we  could  ask 
the  question:  why  do  we  not  consider  problem  (LP2+)  only  and  delete 
problem  (LP2) ? There  are  two  main  reasons  that  can  be  used  to  support 
our  decision  of  working  with  (LP2)  instead  of  (LP2+) s a)  (DP2+)  has, 
as  we  will  see  later,  a non-unique  solution,  thus  making  that.  In  addition 


to  other  possible  inconveniences,  we  could  not  give  a sensitivity  inter- 
pretation to  the  variables  of  (DP2+) ; and  b) , (LP2+)  is  a problem  of 
higher  dimension  than  problem  (If 2) . Therefore  (LP2+)  can  be  better 
considered  as  an  auxiliar  problem  whose  only  purpose  is  to  provide  with 
a transformation  that  will  generate  a valid  set  of  link  distance  assign- 
ments from  the  dual  variables  of  (LP2);  once  the  transformation  is  ob- 
tained problem  (LP2+)  is  no  longer  needed. 


5,3  Matrix  analysis  of  the  Second  Saturation  Prohiom 

In  this  section  we  want  to  extend  the  results  of  chapter  IV  to  the 
second  saturation  problem,  since,  according  to  the  formulation  of  the 
second  saturation  problem,  an  optimal  solution  to  this  problem  includes 
a solution  to  (LP1)  as  a necessary  starting  point  and  by  product,  we 
will  distinguish  the  matrices  that  properly  characterize  one  problem  or 
the  other  by  the  superscript  -1-  or  "2".  As  in  Section  4.2,  suppose  that 
we  know  from  an  optimal  solution  of  (If 2)  the  set  of  saturated  links 
and  basic  flows.  That  is,  we  know 


2 o 

s - U|sA  - o,  irj  < 0,  l e s1} 

B " {Vn,|fA(n>  > 0.  all  ie  L,  allneN} 


(5.3.1) 


We  also  assume  that  the  solution  is  minimal,  and  that  we  know  s\  Further- 
more, from  Chapter  IV  and  Sections  5.1  and  5.2, we  also  have  a partition 
of  F into  sets  F0  and  F-F*.  In  particular.  Tableaus  I and  II  of  Fig. 

5.1.1  give  this  partition  except  for  the  spanning  tree  set  F , which 
has  been  omitted,  and  for  set  F*  that  is  not  specified.  Observe  first 
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that  the  set  F£T  obtained  from  FQ  need  not  be  the  same  as  set  p*  obtained 

1 BT 
from  F0,  because  in  the  case  of  the  first  saturation  level  we  did  not 

have  constraints  for  commodities  outside  R1.  Nevertheless  it  should  be 

clear  that  replacing  F^  by  F^  in  (4.2.21)  would  generate  a totally 

equivalent  basic  optimal  solution  for  (LPl) . Thus,  we  assume  that 
1-2 

FBT  = FBT  311(1  we  omit  the  superscript  to  avoid  confusion. 

We  saw  in  sections  5.1  and  5.2  that  (4.2.21)  can  be  taken  as  a 

starting  point  for  the  solution  of  (LP2).  if  we  already  know  the  set 

2 

FBA'  the  tr^sformation  that  has  to  be  applied  to  (4.2.21)  (extended  with 
2 

column  0 ) to  reach  the  optimal  tableau  for  (LP2)  will  be  the  transfor- 
mation recessary  to  make  02  and  basics.  First  we  introduce  seme 
definitions 


.12 


s1  U 


(5.3.2) 


The  remaining  variables  and  sets  will  have  a definition  entirely  equivalent, 
except  for  the  superscript,  to  other  variables  and  sets  already  defined, 
and  will  not  be  repeated  here. 


If  we  assume  the  components  of  vector  x of  (5.2.13)  ordered 


.p  - (s1.  s2,  s12,  «l,  r‘A.  S2,  4.  P„,  4, 


(5.3.3) 


we  can  write  the  modified  version  of  (4.2.21),  before  82  and  F2 


BA 


are 


made  basic,  as  in  (5.3.4)  below: 


(qV1 


(5.3.4) 


Considering  that 


ri-pLup5 


(5.3.5) 


the  definition  of  all  matrices  of  (5.3.4)  as  a function  of  the  matrices 

of  (4.2.21)  is  straightforward  and,  therefore  is  not  undertaken  here, 

2 2 

except  for  the  matrices  under  F__.  Since  the  elements  of  F„  must  have 

BA  BA 

a zero  cost  at  the  first  level  we  have,  from  Theorem  4.3.1,  that  the 
2 

elements  of  F^,  either,  have  a zero  reduced  circuit,  or  else,  their 

reduced  circuits  can  be  written  as  a linear  combination  of  the  reduced 
2 21 

circuits  of  F^.  In  the  first  case  Pg  ■ 0 and  the  interpretation  of 
2 

the  columns  of  F^  is  completely  analogous  to  the  interpretation  of 

12  1 
the  columns  of  F_  , since  F has  not  been  affected  by  the  pivoting  in  Q . 


Pg  (r  1 ) - 0 


P^trl)  - [Pg(r  1)1  _1  pj1  !rl) 

2 2 12  21.—  , 

PB  * P5  "PB  PB  <£« 

-2  2 -12  21.— , 

PB  * ^ * PB  PB  l£l) 


(5.3.7) 


2 

Because  of  the  transformations  (5.3.7)  we  have  no  guarantee  that  PQ 
will  be,  in  general,  a 0,  + 1 matrix.  Nevertheless  we  can  still  define 
a saturation  matrix  for  the  second  level  as 


(5.3.8) 


2 

where  Q will  still  satisfy  many  of  the  saturation  matrix  properties, 
in  particular 

<flVl  - 


(5.3.9) 


Vie  must,  of  course,  take  note  that  the  matrix  we  have  to  use  to  make 

2 2 2 2 
6 and  ? basics  is  not  Q but  Q where 

BA  T 

Q+"[*2|Pb]  (5.3.10) 

2 -1 

But  if  (Q+)  is  the  inverse  of  this  matrix  we  can  easily  write,  from 
(5.3.8)  - (5.3.10) 


(5.3.11) 


One  important  observation  that  we  can  make  whenever  p2*  W o is 

E 

that  it  is  no  longer  obvious  how  to  partition  the  set  F1  u F2  into 

BA  BA  

12 

subsets  Fqa  and  Fgft.  In  fact,  it  will  be  more  accurate  to  interpret 
1 2 12 

a , 0 and  F^  U F^  as  forming  a larger  saturation  matrix  with  the  links 
1 2 

of  S US.  in  this  case  the  global  or  composite  saturation  matrix 
will  be  Q12  below 


and  we  will  now  prove 


Leaea  5.3.1 

(Q12)’1  has  the  structure  given  in  (5.3.12)  where  fl12  is  a full 
rank  Is1!  ♦ |s2|  - 2 by  | SX | + |s2|  matrix. 


Proof; 


Since  the  fact  that 


fl12 


has  to  be  full  rank  and  have  those 


.3.12) 


dimensions  is  obvious  we  only  have  to  prove  that  the  first  two  rows 


of  (Q12)"1  AN  u given  in  (5.3.12) . 

Xt  is  convenient  to  reorder  ths  ooliams  of  Q12  in  the  - Vfty  w 
tho  ooluans  of  (5.3.6)  and  to  consider  tho  process  of  saving  fro* 


12  "l 

to  (Q  ) as  broken  into  two  stops,  pint  pivoting  at  g\  and  than 

a 

•t  l*w»  that  ths  first  row  of  tho  futuN  inverse  natriv  aftor 

ths  first  stop  is  l»l(«l)|o).  thus,  sines  ths  ontriss  of  this  row  cor- 
responding to  links  of  l2  in  son,  ths  sseond  stsp  doss  iwt  offset  tho 


struetum  of  this  row.  purtho 


sines  a1  is  tho  first  eoluom  of 


both  (5.3.6)  and  (5.3.13)  (ir*(f^)|oj  will  bo  tho  first  row  of  (q*2)"*. 


Hith  rsspset  to  ths 


row  of  (Q12)"1,  nets  that  if  wo  call 


to  tho  first  and  -eeond  sows  of  (Q12)  1 wl  and  v2,  respectively,  then, 
fren  (4.2.27)  applied  to  (L»2) , wo  can  writs 


it2^1,  «2)  . (1,-1,0,...,0)  (Q12)"1 


■ wl- w2 


(5.3.13) 


wa  - ITT2*  <»X>  - ir2  (81)  , - TT2  (S2)l 


Q.B.D. 


Xn  general  not  all  col 


By  of  (5.3.6)  will  bo  nonzero. 


Purther- 


MOr*»  **y  hmppmn  that  if  only  a fow  olaannts  of  use  link*  of  s1 
ws  could  find  a now  partition  of  sot  pj^y  P^y  pj  into  pj^,  P^  and  P 


having  a By 


a b£.^  - 0. 


To  soo  that  oonsidor  that  p*  is  non-mpty,  i.a. 


(LP2)  has  a nonuniquo  solution,  and  that  P2  has  elwonts  whose  circuits 


do  not  use  links  of  S^j  then  it  nay  happen  that  sane  of  those  elwents 
2 2 

of  PQ  can  bo  novod  to  P^  to  replace  tho  olenonts  of  this  sot  that  where 


O 


I 


Mote  from  (5.3.12)  that 


GU(rl)  - irW)  } G21(rl)  - 0 (5.3.15) 

GU(rl)  - ^(S1)  - TT^S1) 

and  except  for  the  ordering  of  rows  the  block  of  four  matrices  of  the 

12  -1 

left  upper  corner  correspond  to  (Q  ) of  (5.3.12). 

Similarly  we  can  see  that  the  inverse  matrix  of  the  basis  for  the 


optimal  solution  of  (LP2)  defined  by  (5.3.1)  is 


s1 

s2 

-12 

S 

R 

GU 

G21 

v1 

G12 

< Q l)’1 

v2 

—12 

G 

G2 

I 

v2 

— 12 

G 

G2 

u2 

(5.3.16) 


where  again  all  submatrices  can  be  easily  obtained  from  (4.2.25). 

It  is  clear  that  we  could  now  expand  the  analysis  of  sections  4.2  to 
cover  these  new  trams formations.  In  particular  we  could  partition 

the  V,  U,  M,  P,  and  seme  of  the  G,  matrices  by  commodities  and  perform 
a micro- analysis  of  their  characteristics . Row  and  when  they  will  change 


in  the  transformation  depends  on  whether  or  not  a given  commodity  be- 
longs  to  R or  R , and  whether  or  not  a commodity  of  R1  uses  only  links 
of  S1  or,  on  the  other  hand,  if  it  also  flows  through  links  of  s2,  etc. 
Although  important,  this  type  of  analysis  is  not  so  relevant  for  us 
here,  since  it  can  be  considered  as  a rather  straightforward  generali- 
zation of  the  study  done  in  sections  4.2  and  4.3. 

The  new  RHS  and  partial  cost  vector  can  also  be  obtained  in  a simi- 
lar way.  From  this  last  vector  we  can  also  partition  F2  in  subsets 

¥ 

completely  analogous  to  those  in  which  F^j.  was  partitioned,  i.e., 

2 2 

Fq#  F+  etc.,  see  (5.1.2)  and  (5.1.3).  As  an  example  of  all  these 
calculations  we  will  obtain  now  the  new  value  of  the  routing  variables 

FBA  31141  FLv'  31141  3180  ***  relation  ^(S1)  with  tt2(s2),  ^(S1) 

and  the  graph  matrices  of  the  circuits  of  F and  F . 

BA  BA 

Lemma  5.3.2 

The  optimal  value  of  variables  02,  a2,  f . (n)  e F*  u F2  , cor- 

BA  BA 

responding  to  the  optimal  solution  (5.3.1)  are 


q2  1 2 


a2  - -ir2(s2)f1(s2) 


f^  » -02f1(s2) 


2(F  X)  - F1  - P21(rI)F2 
BA  BA  B - *BA 


(5.3.17) 


where  f 1 (S2)  is  the  vector  of  aggregate  flows  on  links  of  S1  as  ob- 
btained  from  the  (LPl)  optimal  solution  (see  Theorem  4.2.9),  Q2  is 


instead  of  using  a two  step  operation,  first  pivoting  at  Q and  then 

2 12 
at  Q+,  we  were  to  make  a single  pivot  at  Q , defined  in  (5.3.12), 

starting  with  the  RHS  vector  corresponding  to  Tableau  I of  Fig.  5.1.1. 

For  this  single  pivoting  operation  the  values  of  (5.3.17)  could  have 

been  written  as 

aj  - -ir1(s1)fT(s1) 


(5.3.18) 


82  = ao  “ “o  = -^1(s1)-TT2(s1)]fT(s1)  + ir2(s2)fT(s2) 


-f)12 [ f T ( s 1 ) , fT(s2)] 


where  F*  is  a new  vector  defined  to  include  both  the  variables  of 
BA 

12  12 
F and  F , and  represent  not  only  the  set  F U F , but  also  their 
BA  oA  BA  BA 

optimal  values  at  the  (LP2)  optimal  solution.  Observe  that  to  obtain 

12  12  -1  12 
F we  do  not  need  the  whole  (Q  ) but  only  the  bottom  part  . 

BA 

2 1 2 2 

Now  we  will  compute  tt  (S  ) as  a function  of  it  (S  ) and  the  graph 

1 2 

matrices  corresponding  to  the  circuits  of  F and  F . For  this  purpose 

BA  BA 

consider  the  row  of  partial  costs  attached  to  matrix  (5.3.4)  and  apply 

12 

to  that  row  the  pivot  transformation  that  takes  A of  (5.3.4)  into 

2 2 12  2 
Aq  of  (5.3.14).  Doing  so,  and  realizing  that  tt  (S  ) and  ir  (S  ) are  the 

1 2 

partial  costs  corresponding  to  links  in  S and  S , respectively,  we  can 
write 

21  11  , 1n  rt.  ,.2, -1-12 

— TT  a — TT  • (“10  •••0)  (Q^)  G 

11  22-12 
=»  — TT  - TT  G 

where  we  used  (5.3.11)  and  we  called,  for  simplicity, 


k ^(S3) 


(5.3.19) 


TT  +1  G 


(5.3.20) 


But  from  (5.3.4)  and  the  tableuas  of  Fig.  5.1.1 


-12  -r  12  .1,-1 

G ■ (Q  ) 


(5.3.21) 


where 


(5.3.22) 


is  the  suhraatrix  of  matrix  T1  of  (4.2.24)  corresponding  to  the  links 
of  S2 , and  P^2  is  the  collection  of  reduced  circuits  from  the  point 
of  view  of  S2  for  the  variables  of  F^.  Partitioning,  also,  (Q1)  ^ as 
in  (4.4.2)  and  substituting  in  (5.3.21) 


G^.-t-c2!^12] 


2 11 

V 


2 ll| 

V 


-P^n1 


(5.3.23) 


From  (5.3.20)  and  (5.3.23)  the  A~th  element  of  tt21  will  be 


21  11  22—12 . 

ITj  * 1T^  + IT  G (cA) 


- irj1  + TT22  [ttJV  - PBU  n1  (cA)  ] 


.11 


_22  2 


22  — 12  rtl . 


- Trril+TT  c 1 - it  T“Q*(cA> 
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22  2 

Since,  from  (5.2.16),  ir  c * -1 


T^1  - -IT22  PQ12  n1  (c£) 


—12 

But  frcm  the  definition  of  P we  can  define 

B 


(5.3.24) 


--X)2  irf  PBl2(£ 


£ e s 


am)  all  f (m)  e F„„ 
a BA 


(5.3.25) 


to  be  the  weight  of  the  reduced  circuit  P„(cam)  of  variable  f (ra)  e F1 

B ~ a bj 

Thus  manipulating  (5.3.24)  and  substituting  (5.3.25) 


BA 


_21 


ir„ 


53  -i  fl1(am,£)  C21(m)  (*> 

_ a r.  “ a 


am  e F 


BA 


S , (Q1)‘1(am,£)C21 

a ® 


(m) 


ameF 


BA 


The  interpretation  of  these  results  is  summarized  in 


Lemma  5.3.3 

1 2 
Given  F^,  from  an  optimal  solution  of  (LP1) , and  the  set  S we 

can  obtain  the  components  of  vector  it2  (s1)  ■ ir21  as  follows 


21 


Y (Q1)"1  (am,£)C2 
-1  a 


21  (m)  - ^Vfctt 


(5.3.26) 


am  6 F 


BA 


.1.-1 


where  (Q*)  'fc(am,£)  is  the  (am,£)-th  component  of  (Q1)"1  and  £21(m), 

A 

given  by  (5.3.25),  is  the  reduced  circuit  weight  with  respect  to  S2  for 
variables  f^On)  e F^.  f;21  is  a If^J  row  vector. 


hm  « check  on  the  result  of  (5.3.26)  we  can  compute 


* <•  • shorthand  notation  for:  all  am  such  that  f (m)  e F1  . 

— a BA 


• r 


0 


Z 


l 


17 1 cl 


from  (4.4.17) , which  agrees  with  (5.2.16). 

12  1 

It  is  obvious  that  if  P^r  ji  0 then  any  feasible  set  F^  will  give 
the  same  answer  (5.5. 17) , since  no  matter  how  we  order  the  columns 
of  Q we  must  obtain  the  same  vectors  of  dual  variables  (we  are 
assuming,  of  course,  that  the  point  is  stable.) 

An  immediate  consequence  of  (5.3.24)  is 


Lemma  5.3.4 

—12  1 
If  p m o,  that  is,  if  commodities  of  R do  not  use  links  of 
B 

S2,  then  ir2*  ■ 0. 

□ 

Observe  that  from  Lemma  5.4.10  we  can  only  infer  that  R1  does 
2 

not  interact  with  S . From  this  result  we  could  be  tempted  to  con- 

12  2 1 
elude  that,  whenever  Pfl  - 0,  if  aQ  becomes  larger  than  aQ  and  (L?2) 

gets  transformed  in  (LPl)  and  vice  versa,  the  new  R1  will  also  be 

independent  of  the  new  S . This  conjecture  is  not  true,  in  general, 

as  can  be  seen  with  the  help  of  the  sketch  of  Fig.  5.3.1. 


Fig.  5.3.1 


1 2 
In  this  figure  R = r ^(2)  does  not  use  links  of  s , and  there- 

—12  2 l 

fore  ?B  - 0.  On  the  other  hand  if  ctQ  becomes  larger  than 

commodity  (1,3)  can  use  the  paths  via  node  2 and  thus  for  the  new 

(LP1)  - (LP2)  pair,  P*2  / 0. 

3 

Following  the  same  procedure  used  to  prove  tjibm  5.3.3  we  could 

prove 

Lemma  5.3.5 

The  commodity  dual  variables  of  an  optimal  solution  of  (LP2) 
are  given  by 

- - E,  - E 

JleT  (m,n)  4 e T2  (m,n) 

2 

Furthermore  for  any  variable  f^(n)  e F^. 

z4(n)  * at(4)(n)  " ao(4)(n)  " \ 
analogously  to  (4.2.35). 

□ 

The  conclusion  that  we  infer  from  this  matrix  analysis  and 
matrix  calculations  is  twofold:  First,  as  in  the  case  of  the  first 
saturation  problem,  knowing  the  saturated  links  and  the  set  of 
allowable  paths  we  can  readily  compute  the  updated  constraint  and 
inverse  basis  matrices.  Second,  we  can  obtain  expressions  that 
directly  give  any  particular  elements  of  these  matrices  and/or  RHS  and 
partial  cost  vectors.  Furthermore  these  expressions  can  take  advantage 
of  seme  properties  that  can  save  part  of  the  computation  that  we 
would  have  incurred  by  applying  pivoting  operations  alone.  Consider, 


.22 


(5.3.27) 


for  instance,  the  proof  of  Leona  5.3.2  where  by  using  (5.3.17)  directly  we 
can  save  the  computation  of  ir2(s2)c2  - 1 and  fl2c2  - 0.  of  course,  a 
change  of  basis  performed  by  pivoting  operations,  or  equivalent  matrix 
manipulations,  is,  in  principle,  blind  to  all  properties  that  can  be 
used  to  save  computations.  It  turns  out  that  in  our  problem  we  have 
many  of  these  computation- saving  properties  that  can  be  used  very 
efficiently. 

We  will  new  show  soon  of  these  matrix  calculations  applied  to 
the  three  node  example  of  Section  4.2. 

Example  5.3.1 

From  Example  4.2.3  we  have 


*i»-  v3,) 

fbt  " {fb(1)'  fg(1)'  V2)'  fc(2)'  V3)'  fd(3,} 

- {f  (1),  f (2),  f (3)> 

+ a g a 

fJ  - {f€u>> 

Since  Fq  ^ A the  solution  to  the  (LP1)  problem  for  this  example  is  not 
unique  and,  therefore,  we  can  attempt  the  solution  of  a second  saturation 
problem.  If  s#  is  the  smallest  slack  variable  among  the  links  of  S1,  then 
we  can  reduce  the  saturation  level  of  link  a by  using  the  alternate  path 
{•»*}  provided  by  variable  f#(2)  e pj  . this  new  path  will,  obviously, 
increase  the  saturation  level  of  both  links  e and  c.  If  we  assume 
that  the  level  on  link  c is  higher  then  the  level  on  link  e,  then,  S2  - 
{a,c}  and  the  tableaus  (5.3.4)  and  (5.3.14)  of  the  corresponding  (LP2) 


problem  are  those  given  below.  For  simplicity  we  only  write,  for  the 
second  tableau,  the  most  important  vectors  and  matrices.  Note  that  all 
crossed  out  matrices  are  nonzero  ones  whose  value  need  not  be  calculated 
to  obtain  the  optimal  solution.  Empty  spaces  correspond  to  zeros. 


Observe  also  that  if  s , corresponding  to  (LPl) , is  smaller  than  s 

a c 

2 

or  s , then,  after  making  3 basic  at  e or  c (depending  on  whether 
0 

s < s or  vice  versa)  f (2)  will  appear  with  a positive  cost;  activating 
e c e 

f (2)  will  clearly  cause  a and  a to  increase.  In  this  case  the  set 
e c e 

2 

S will  have  a single  element,  e or  c,  and  the  second  saturation  problem 

will  not  only  not  increase  the  number  of  alternate  paths,  but  will  also 
2 

reduce  the  set  FQ  to  <J>. 

2 

For  the  case  where  S = {a,c}  the  set  of  allowable  paths  is  given 
in  Fig.  E.5.3.1.  The  numerical  values  correspond  to  the  requirement 
vector  given  in  Example  4.2.3. 
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The  optimal  dual  variables  are 


2 2 1 2 1 

ir  - - — 

b d 6 g 3 


1 

2 ' 


(1) 


a2  (3) 


1 

T' 


^(2)  - g{<2>  -i 


a2(l) 


1 

3 ' 


a2  (3) 


5.4  Dual  Variables  Properties  of  the  Second  Level  Problem.  Distance 
Assignment  - 

From  Theorems  5.2.2  and  3.4.1  we  can  see  that  the  dual  variables  in 

2 2 11 
7T  (S  ) will  have  the  same  properties  as  the  dual  variables  in  tt  (s  ) . 

Since  these  last  variables  have  been  extensively  studied  in  Chapters 

2 2 

III  and  IV  we  will  not  repeat  that  analysis  for  tt  (s  ) here.  On  the 
2 l 

other  hand  tt  (s  ) is  a set  of  dual  variables  with  different  characteristics, 

that  appear  in  problem  (LP2)  for  the  first  time.  We  have  already  seen  in 

2 1 2 2 11 

Section  5.3  the  relation  of  it  (s  ) to  tt  (S  ) , it  (S  ) and  the  circuit 

12  2 1 
matrices  of  F and  F . Here  we  will  show  other  properties  of  tt  (S  ) 

BA  BA 

1 2 

in  relation  to  the  allowable  paths  of  commodities  in  R and  R , and  we 
will  also  give  a distance  assignment  for  (LP2) . 

Since  part  iii)  of  Theorems  5.2.2  and  3.4.1  are  identical  we  can 
immediately  generalize  Lemmas  3.4.1  and  3.4.2  of  (LPl)  to  a solution 
of  (LP2).  The  new  results  are 


Lemma  5.4.1 


For  commodities  not  in  R 


vn>  “ ■ YA  1 0 

Jles2n  P2  (m,n) 


all  (m,n)  e R1, 


(5.4.1) 


. 


?2  (n)  • 0 n y (m,n)  » all  (m,n)  e R , 


(5.4.2) 


where  P2  (m,n)  is  any  allowable  path  for  comodity  (m,n)  given  by  an  optimal 


solution  of  (LP2) . 


From  this  Lama  we  can  1 asm  ill  ately  write  the  following  formal  defi- 


nition of  R , 


Definition  S.4.1 


(m,n)  e R2  <*>  a2(n)  »*■  0,  (m>n)  e R1 


5.4.2 


For  commodities  of  R 


a2(n) 

Z3 


- 2>i 

ie  (m,n) 


- JL< 

l e P21^) 


T . 

t e P22  (*,n) 


where 


P^ta.n)  - SiO  P^  (m,n)  . 


(5.4.3) 


(5.4.4.) 


An  imediete 


of  thia  Lama,  Corollary  5.2.2  and 


3.1.1  is 


Lemma  5.4.3 

2 2 
am<n)  can  be  interpreted  as  the  sensitivity  factor  of  aQ  to  changes 

in  commodity  (m,n) , that  is 


Aci2  = a2  (n)  Ar  (n) . 
0 m m 


(5.4.5) 


2 12  1 
0 (n)  will  be  negative  for  some  (m,n)  e R , unless  ir  (S  ) - 0.  For 
m 

2 

such  commodities  a positive  increment  Ar  (n)  will  make  a.  decrease 

m 0 


Lemma  5.4.4 


P^2(n,n)  * 4>  , for  all  P2  (m,n) , all  (m,n)  e R1,  (5.4.6) 


^(S1)  - 0 


Proof: 


From  (5.4.3)  and  P22  (m,n)  ■ <J>  we  have 


o (n) 


- e« 


l e P^tm.n) 


But,  from  (5.4.5),  cr2(n)  must  be  equal  to  zero  also  because  P22(m,n)  « <P, 

1 12 
all  (m,n)  e R , means  that  commodities  of  R do  not  use  links  of  S and 

2 

therefore  cannot  affect  the  value  of  a.  Thus 

0 


- E < 

le 


all  P2 (m,n) , all  (m,n)  e R1 
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and  therefore 

it*  - 0,  all  l e s1  . 

Q.E.D. 

These  results  show  for  the  first  time,  as  compared  to  the  results 

of  Chapter  III,  a case  where  some  0 variable  is  negative,  and,  thus, 

where  some  requirements  nay  cause  a reduction  of  a saturation  level 

by  rneeuis  of  a positive  increment  in  value.  In  Example  5.3.1,  for 

instance,  0*(1)  “ thus  Aa*  * - ^ Ar^d).  From  Fig.  E.5.3.1  we  see 

that  an  increment  in  commodity  (2, 1)  will  reduce  the  amount  of  commodity 

2 

(3,1)  flawing  on  links  b and  c,  thus,  reducing  a,  and  ctQ. 

If  we  consider  how  problem  (IP2+) , instead  of  problem  (LP2) , the 
generalization  of  t*— 5. 4. 1-2  to  this  other  problem  is  straight  - 
forward. 


-1 


Lemma  5.4.5 

For  commodities  in  Rx  the  results  are  identical  to  those  of  Lemma 

2+  2 2+  2 

5.4.1  with  the  substitution  of  0a  (n)  for  0m(n)  and  for  it^. 


5.4.6 


For  commodities  of  R 


2+ . , 
0 (n) 

ID 


- E *r  - £ \ 

le^ls.n)  ieP^Oa.n) 

. -ir2+(Sl)P21(m,n)  - ir2+(s2)P22  (m,n)  , 


(5.4.7) 


fcj£. 


.1 


where,  now 


2+  1 

am  (n)  > 0 , all  (m,n)  e R . (5.4.8) 

□ 

Now  we  will  generalize  the  results  of  Section  3.4  to  the  second 
level  problem.  From  Lemmas  3.4.2  and  5.4.1- the  generalization  of 
Theorem  3.4.2  to  (LP2)  will  be 


Theorem  5.4.1 

2 —1 
If  is  the  length  of  link  £.,  i e S , and  we  assume  that  the 

links  of  S1  have  been  removed  (or  assigned  an  arbitrarily  large  distance) , 

then  all  allowable  paths  for  commodity  (o,n)  e R1,  as  given  by  any  optimal 

solution  of  (LP2) , are  those  with  total  minimum  distance.  This  min-limm 

2 

distance  i3  equal  to  the  optimal  value  of  dual  variable  0 (n) . The 

m 

—1  2 

total  distance  for  commodities  in  R - R is  zero,  and  therefore  all 
paths  for  these  commodities  are  through  links  of  zero  distance. 

□ 

We  would  similarly  generalize  Lemmas  3. 4. 4-5  and  Theorem  3.4.2,  and 

obtain  a set  of  integer  values  that  will  satisfy  conditions  i)  and 

iii)  of  Theorem  5.2.2.  This  set  of  integer  values  is  a set  of  weights 

for  the  links  of  S1  that  can  replace  the  dual  variables  of  Theorem  5.4.1 

to  describe  the  set  of  allowable  paths  as  indicated  in  this  theorem. 

As  we  said  in  Section  5.2  the  reason  why  the  dual  variables  of 

(LP2)  cannot  be  used  to  obtain  a distance  assignment  that  will  describe 

1 2 

the  allowable  paths  for  comnodities  of  both  R and  R , is  because  (LP2) 


variables . Thus  it  may  happen  that  in  most  cases  (see  Corollary  5.2.2) 


the  solution  of  (DP2)  will  give  negative  partial  costs  for  elements 
of  S1  and  F^,  that  is,  negative  distances  for  elements  that  were  supposed 
to  have  a positive  distance.  This  difficulty  can  be  overcame  by  the 
(LP2+)  formulation  of  the  problem,  since  this  formulation,  see  (5.2.18) 
includes  and  as  active  members  of  the  set  of  primal  variables. 

Thus  an  optimal  solution  of  (LP2+)  must  be  such  that  neither  the  elements 
of  S1  nor  the  elements  of  will  have  a negative  cost.  For  the  cue 
of  the  elements  of  this  means  that  none  of  the  links  of  S1  will  have 
a positive  dual  variable,  i.e. , negative  distance.  For  the  elements  of 
F^  the  condition  means  that  these  elements  cannot  have  a negative  cost 
and  that  they  will  remain  at  a zero  value.  We  will  come  again  to 


this  point  later  on  in  this  section. 

Due  to  the  importance  of  the  optimal  dual  variables  of  (LP2+) , we 

wiil  spend  same  time  now  studying  problems  (LP2+)  and  (DP2+)  and  the 

2+  2+  2 2 
relation  of  variables  tt  and  o with  variables  ir  and  a . if 

1 1 2 2 2+  2+  2+ 

(tt  , a ) , (ir  , a ) and  (r|  , it  , a ) are  optimal  solutions  of  problems 

(DPI),  (DP2)  and  (DP2+) , respectively,  then  they  must  satisfy  Theorems 
3.1.1,  5.2.2  and  5.2.3  (i.e.,  the  complementary  slackness  conditions) 
respectively.  Condition  iii)  of  these  theorems  can  also  be  written, 
according  to  Lemmas  3.4.3,  5. 4. 1-2  and  5. 4. 5-6,  as 


-187- 


where  now  r (m,n) , which  represents  any  allowable  path  obtained  from  the 
solution  of  problem  (DPi) , is  an  L-camponent  vector  with  l's  in  the 
positions  corresponding  to  the  links  of  the  allowable  path  and  0's  else- 
where. Since  the  optimal  solution  space  S2  is  a subset  of  the  space  s\ 
and  furthermore  [from  the  definition  of  problems  (LP2)  and  (LP2+)  (see 
Section  5.2)],  the  set  of  allowable  paths  of  (DP2)  and  (DP2+)  are  the 
same,  we  can  write 

CT^(n)  « -TT^P2  (m,n)  | 

Xu  I 

am(n)  * -^P2  (m,n)  \ all  P2  (m,n) , (m,n)  eR,  (5.4.10) 

o2+(n)  * -ir^P2  (m,n)  1 

m I 

Thus,  all  (ir  , a ),  (tt2,  a2)  and  (ir2+,  a2+)  satisfy  the  relations,  cor- 
responding to  the  variables  f^(n)  that  generate  the  paths  P2( m,n) , 
of  the  third  condition  of  Theorems  3.1.1,  5.2.2  and  5.2.3.  One  of  the 
reasons  why  (ir1,  a1)  or  Or2,  a2)  are  not  solutions  of  (DP2+) , however, 

is  because  neither  of  them  satisfy  the  other  two  conditions  of  Theorem 

2 

5.2.3;  in  particular  it  is  not,  in  general,  a non-positive  vector,  and 

1 2 2 2 
tt  is  not  nonzero  for  the  links  of  S . Another  reason  why  (ir  , ct  ) 

is  not  an  optimal  solution  of  (DP2+)  is  because  as  mentioned  before, 

2 

z (f^(n) ) , sene  f^ (n)  e F+  , cam  be  negative,  therefore  forcing  some 
f^tn)  e F+  to  be  basic,  thus  violating  some  of  the  relations  included 
in  iii)  of  Theorem  5.2.3. 

Consider  new  P2 (m,n)  partitioned  into  the  subvectors  intersecting 
with  S , S and  S*-2  * t • S%  s2,  respectively,  and  let 


P21  (a,n)  - P2 (a,n)  n Sk,  i»l,2 
- ir^S1),  i * 1/2,  j-1,2,; 


(5.4.11) 


Then,  we  can  write 


<£(n> 


WVn)  . 


all  (a,n)  e R 


otherwise 


VV1*..)  - 1r22P22(a  ,n) , all  (m,n)  e R1 


aa(n)  -<-,r2V2<»,n>  , 


(5.4.12) 


all  (a,n)  e R 


otherwise , 


'-^Wn)  - 1T22+p22  (.  ») , all  (a,n)  e R1 


< te>  "v"T22+P22  (a,n) , 


all  (a,n)  e R 


otherwise. 


It  is  very  easy  to  see,  from  the  part  of  equations  (5.4.12)  corresponding 
2 

to  (a,n)  e R , and  from  the  part  of  conditions  i)  and  ii)  of  Theorems 

2 

5. 2. 2-3  corresponding  to  the  links  of  S , that 


22+  22 
IT  • IT  e 


(5.4.13) 


With  respect  to  the  links  and  ccsnodities  in  S*  and  , respectively, 
2 2 

note  that  if  (it  , a ) satisfy  (5.4.12),  and  if  for  any  real  number  n 
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we  define 


210  21  11 
it  » it  + ryff  » 


_22r|  22 

IT  ■ 7T  , 


(5.4.14) 


ir?n  - o,  all  l e s12  , 


a2r|(n)  - - it211?2  (m,n)  , 


then  the  vectors  (tt2t1,  ct2T1)  also  satisfy  (5.4.12). 


In  particular  note 


o2n(n)  - -ir21V1(m,n)  - ir22V2(m,n) 


-Or21  + mrW)P*10n,n)  - -r^Vtm.n)  - 


2 1 

a (n)  + no  (n)  , 
in  m 


all  (m,n)  e R , 


(5.4.15) 


and  note  also  that 


ft  ~ n ..  —1  „ _ _1 


(5.4.16) 


Comparing  (5.4.16)  and  ii)  of  Theorem  5.2.3  we  can  conclude  from  that 
theorem,  that  if  n is  a nonnegative  real  number  such  that 

ir21r1  < 0 


“*■» taa.  m— iMi  flflli 
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L It 


z2n«A(n))  - -ir2T1C4<n>  >0,  all  f^n)  e F1  , 


(5.4.17) 


where  C^(n)  is  the  circuit  corresponding  to  variable  f^(n) , then 

(-n,  W2T1,  a2T1)  is  an  optimal  solution  of  (DP2+) . Furthmore  suppose  that 

(-H.  ir2r>,  cr271)  is  an  optimal  solution  of  (DP2+)  j then,  it  is  very  easy 

to  see  that,  for  the  ssae  reasons,  (— r> , ir2r|,  o2n)  [where  n » kn,  k a 

positive  real  number]  is  another  optimal  solution  of  (DP2+) . The  minimum 

value  of  k for  which  (-t|,  tt2t*  , o2r>)  is  an  optimal  solution  is  fired  by  con- 

~"2+  • 

diticns  (5.4.17).  If  n is  the  value  of  -n  corresponding  to  the  minimum 
value  of  k,  then  we  can  write,  from  (5.4.14)  and  (5.4.17) 


irt  s (f,  (n) ) 

«■>«  min  — . , «-Ln  - ■ — ■ 

lias1  fiW€fi  « «iW> 


(5.4.18) 


where,  as  before. 


*1(fJl(n))  » , 1*1,2 


The  corresponding  dual  variables  for  this  value  of  the  scalar  -n 


will  be 


-21+  21  —2+11  . . 

7T  ■ IT  - n ^ c , 


-22+  22  - 
ir  • it  < 0 , 


(5.4.19) 


i?+  - 0 , all  i € S12, 


o2+(n)  - o2(n)  - n2V(n), 

in  ni  in 


all  (m,n)  e r\ 


a»+  M “ at  • 

in  m 


all  (m,n)  € R , 


(5.4.20) 


U2+(n)  - 0 


otherwise  , 


1 

and  the  costs  for  the  variables  of  F+ 


z2+(f4(n))  - -1T2+Cjl(n)  >0,  all  t^n)  e F*  . (5.4.21) 

These  results  can  be  summarized  in  the  following  theorem. 

Theorem  5.4.2 

Problem  (DP2+)  defined  in  (5.2.20)  has  infinite  solutions.  These 

infinite  solutions  are  defined  by  expressions  (5.4.18)  - (5.4.20)  replacing 
—2+  2+  —2+ 

H by  n ■ Jen  , where  k is  a scalar  real  variable  k £ 1. 

□ 


Thus  Theorem  5.4.2  says  that  (DP2+)  has  an  infinite  number  of 

solutions,  each  one  of  which  corresponds  to  a point  of  the  positive  ray 

— 2+ 

of  the  undimens ional  real  space  whose  origin  is  the  point  n defined 

in  (5.4.18).  The  non-uniqueness  of  problem  (DP2+)  can  also  be  inferred 

from  the  analogous  result  to  Theorem  3.2.3  obtained  for  (LP2+) . For 

this  matter  note  that  (LP2+)  is,  by  definition,  non-stable  since  any 

positive  increment  in  sane  r (n) , (m,n)  6 R1,  will  make  the  problem 

m 

unfeasible,  thus  (DP2+)  must  have  infinite  solutions. 

Now  that  we  have  obtained  the  solutions  of  (DP2+)  as  a simple 
function  of  the  solutions  of  (LPl)  and  (LP2) , we  are  ready  to  obtain  a 
distance  assignment  to  describe  the  set  of  allowable  paths  far  the 
second  saturation  problem  by  applying  the  shortest  route  criterion.  But 
before  doing  that  we  will  briefly  study  an  apparent  anomaly  that  the 
solution  to  (DP2+)  might  present  some  times.  Observe,  from  (5.4.21),  that 


n 
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_o+  i —2+  1 

z (F+)  is  not  a positive  but  rathar  a nan-negative  vector;  thus  z (F+) 
can  have  some  zero  components,  this  event  will  occur  whenever 


-2+ 


* (f4(n)) 
*1(f4(n>) 


, for 


f4(n)  e F+ 


(5.4.22) 


If  we 


-2+, 


that  z (f ^(n) ) - 0 then  the  alternate  path  introduced  by 


f^fa)  is  a shortest  route,  and  therefore  an  allowable,  path  for  comodity 
(oU),  n).  thus  it  eight  appear  that  the  solution  to  (DP2+)  is  intro- 
ducing allowable  paths  that  were  not  allowed  at  the  first  level.  Suppose 

_2+  — 2+ 
that  instead  of  n we  consider  the  solution  corresponding  to  (1+e) n 

where  e is  an  arbitrarily  small  positive  real  number  then  we  will  have 


z2+(f^(n) ) - -ir2+c4(n)  ■ 


(5.4.23) 

- -w2+  C4(n)  - CT11^  (n) 

- e z1(f4(n))  > 0 , 

since  by  hypothesis  f^ta)  € F*  . therefore  for  any  other  point  of  the 
ray  that  generates  the  optimal  solutions,  different  from  its  origin, 
this  path  will  not  be  allowed.  What  is  happening  here  is  that,  in  spite 
of  the  fact  that  variable  f^(n)  has  a zero  coot  and  thus  can  be  made 

basic  and  generate  an  alternative  optimal  solution,  the  problem  is  de- 

i 

generate  and  if  we  make  (n)  basic  it  will  enter  the  basis  at  a zero 
level.  The  degeneracy  of  the  optimal  solution  of  (LP2+)  is  due  to  the 
first  constraint  of  (5.2.18)  since  fi2,  ■ 0 at  the  optimal  point.  Observe 
also  that  the  process  followed  to  obtain  an  optimal  solution  of  (LP2+) 


-193- 


from  an  optimal  solution  of  (LP2)  can  be  interpreted  as  the  process  of 
increasing  the  lengths  of  the  links  of  S1,  with  respect  to  the  lengths 
given  by  the  solution  of  (LP2) , until  this  length  is  large  enough  not 
to  allow  any  commodity  not  in  R^  to  use  links  of  S^.  Of  course,  this 
length  increasing  process  has  to  be  made  so  that  all  allowable  paths 
introduced  by  (LPl)  and  (LP2)  remain  allowable,  thus  obtaining  the  ex- 
pressions given  in  (5.4.18)- (5.4.20) . These  expressions  correspond  to 
the  smallest  length  for  the  links  of  S1  with  the  desired  properties. 

It  can  happen  though,  as  we  saw  before,  that  in  some  cases  this  "smallest" 
assignment  is  not  enough  yet  and  we  have  to  move  to  an  interior  point  of 
the  ray  described  by  Theorem  5.4.2. 

We  can  summarize  previous  results  as  follows 

Theorem  5.4.3 

2+  2+ 

The  set  {-ir^  },  where  ir  is  any  optimal  link  dual  variable  vector 
obtained  accordingly  to  the  result  of  Theorem  5.4.2  for  sow  k > 1,  is 
a valid  distance  assignwnt  to  characte  -ire  all  allowable  paths  under 
the  shortest  route  criterion  for  S2 (S2  C S^) , the  optimal  solution  space 
of  (If 2) . The  commodity  dual  varibles,  {o^+(n)J,  will  be  the  set  of  total 

r 2+i 

iiinimi  distances  for  the  various  commodities  under  the  } assignment. 

If  z2+(P*),  defined  in  (5.4.21),  is  strictly  positive,  i.e.,  if 
(5.4.22)  is  not  satisfied  for  any  f.(n)  6 F*  , then  obtained  from 

Theorem  5.4.2  by  making  k-1,  is  also  a valid  assignment. 

□ 

Theorem  5.4.3  is  the  result  that  we  were  looking  for  in  order  to  have 
a valid  distance  assignwnt  for  the  allowable  paths  of  the  second  saturation 


■ 


it 
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2+  2+ 

where  0^  and  dm  (n)  are  non-negative  integers.  We  could  also  prove 


Lemma  5.4.8 

12  2+ 

S , S , 0 and  the  set  of  allowable  paths  define , for  a given  net- 

2+  2+ 

work,  a ray  that  can  be  characterized  by  an  integer  vector  (-0  , d ) , 

defined  by  (5.4.24).  The  smallest  such  integer  vector  is  obtained  when 
2+ 

A » minimum  common  multiple  of  the  denominators  of  the  ir's. 


Pram  Lemmas  5. 4. 7-8  we  can  write  a Theorem  couple tely  analogous 
to  Theorem  3.4.2. 


Theorem  5.4.4 

To  any  point  of  the  ray  defined  by  Lemmas  3.4.4  or  3.4.5  there 
corresponds  a different  valid  distance  assignment  to  describe  the  allow- 
able paths  according  to  Theorem  3.4.1.  In  particular  the  integer  numbers 
defined  in  (5.4.24)  constitute  a valid  assignment.  For  this  assignment 
the  total  distance  for  any  allowable  path  of  commodity  (m,n)  will  be 

d2+(n)  given  in  (5.4.24). 

IB 


Observe  that  here  we  have  two  degrees  of  freedom  in  choosing  the 
distance  assignment,  as  coopared  to  the  one  degree  we  had  for  the 
solution  of  the  first  saturation  problem.  The  new  degree  of  freedom 
introduced  at  the  second  level  is  due  to  the  dual  variable  r|  that  can 
take  infinite  optimal  values.  Note,  from  Theorem  5.4.2,  that  n2+  depends 
on  the  value  of  ir^.  Suppose  that,  instead  of  we  choose  any  other 


k . jdtktm 


valid  distance  assignment  for  the  first  level  problem,  say  {d^} , and  that 

we  replace  ir1^  by  -d^^  in  (5.4.18)- (5.4.20) . Then,  (5.4.18)  will  give 

the  new  value  of  n^+  corresponding  to  the  new  first  level  assignment  and, 

therefore,  the  new  starting  point  for  the  rrray  of  the  second  level 

problem.  Expressions  (5.4.19)  and  (5.4.20)  will  give  the  corresponding 

second  level  assignment  for  the  new  starting  point.  Thus  we  can  say 
2+ 

that  n is  translating  to  the  second  level  problem  the  freedom  of 
choice  we  had  at  the  first  level.  Hence  the  two  degrees  of  freedom  of 
the  second  problem  can  be  easily  interpreted  by  considering  one  of  them 
to  be  a legacy  from  the  first  level  problem  (recall  that  S2  C S1) . 
we  can  summarize  all  these  results  in  the  following 

henna  5.4.9 

To  any  valid  distance  assignment  of  the  first  level  problem,  say 
{d^},  expression  (5.4.18)  gives  the  starting  point  of  the  n-ray  that 
generate  valid  distance  assignments  for  the  second  level  problem,  by 
replacing  by  -d1^,  the  vector  whose  components  are  -d^.  Furthermore 
to  any  point  of  the  n-ray  there  corresponds,  according  to  Temna  5.4.7, 
another  ray  on  the  (tt,  a) -space  all  of  whose  points  also  generate  valid 
distance  assignments  for  the  second  level  problem. 

□ 

• i 

An  almost  lawdiate  consequence  of  this  result  is  that,  in  order 

2+  11 

to  obtain  an  integer  assignment  from  ir  we  can  use  -8  instead  of 

tt11  in  (5.4.18)- (5.4.20)  and  then  look  for  the  minima  coimeon  multiple 

2+  21 

of  the  denominators  of  (n  , ir  ) , instead  of  those  of  the  larger  vector 
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(fr21+,  n22+) . Most  of  the  advantages  of  working  with  weights,  instead 
of  dual  variables,  which  were  mentioned  in  Sections  3.4  and  4.5  can  be 
easily  extended  to  this  case.  In  particular  the  independence  of 
weights  and  capacities  makes  many  of  the  computations  easier,  since 
once  a solution  is  known  (i.e.,  saturation  sets  and  allowable  paths) 
most  of  the  calculations  can  be  made  with  saturation  matrices  with  link 
capacities  equal  to  one.  Only  in  a few  computations  will  we  need  the 
actual  capacity  value  and  for  those  cases  we  can  use  the  transformations 
of  Section  4.5. 

Throughout  these  sections  we  have  seen  how  the  results  of  Chapters 
III  and  IV  generalize  to  the  second  saturation  problem.  The  remaining 
part  of  this  chapter  will  be  devoted  to  a generalization  of  results  to 
lower  saturation  levels,  but  first  we  present  some  examples  that  will 


illustrate  soma  of  this  section  results  for  the  second  level. 


Example  5.4.1 

Consider  Example  5.3.1,  that  is  a three  node  case  whose  successive 
saturation  problem  consists  of  two  levels.  The  nonzero  dual  variable 
vectors  for  each  level  are 


ir  - (-1/3,  -1/3,  -1/3) 


if  - (1/6,  1/6,  -1/3) 


ir  - (-1/2,  -1/2)  , 


where 


S - la,c 
and  furthermore 


*1(Fh  - *1Cf.(l),  f (2),  f C3))  - U/3,  1/3,  1/3) 

+ a 9^  a 


*2(F*)  - (1/3,  1/3,  1/3)  . 

Substituting  these  values  in  (5.4.18)  we  have 

-2+  . _ 1 
n - 2 » 

and  using  now  (5.4.19)  - (5.4.21) 

21+  1 

IT  - (1/6,  1/6,  -1/3)  + | {-1/3,  -1/3,  -1/3, 

- (0,  0,  -1/2)  , 

?22+  . (.I#  .1,  # 

a2*  (1)  - 0,  ^+(l)  - i , a*+  (2)  - i , 

a2*  (2)  - J,  a*+  (3)  - o,  o*+  (3)  - o , 

”2+  ,_1.  ,1  1 1 . v - 

* (P+)  ■ ( 2'  2'  2 * > ° * 

Since  x2*  (F*)  >0,  {-ff?*}  is  a valid  distance  assignment.  , To  obtain 
+ 1 ,t 

—2+ 

the  corresponding  integer  assignment  we  transform  ir  into  an  integer 
vector  according  to  (5.4.24)  and  we  obtain 


Looking  at  Fig.  E-5.4.1  we  can  see  that  this  distance  assignment 
precisely  defines  the  allowable  paths  of  Example  5.3.1  (Fig.  E.5.3.1) 


Example  5.4.2 

Consider  now  the  three  node  example  whose  set  of  allowable  paths 
obtained  by  solving  the  successive  saturation  problem  (two  levels)  is 
given  by  Fig.  E.5.4.2a  and  whose  link  saturated  sets  are  S1  ■ {b,g} , 


S2  = (a.ch 


c£  - 1,  all  i 


From  Fig.  E.5.4.2a  we  can  easily  obtain  (by  means  of  the  canonic  equations 
for  instance)  the  link  optimal  dual  variables  for  the  two  levels.  These 
dual  variables  are 


(-1/2,  -1/2) 


IT  - 

TT21  - (1/4,  -1/4), 

IT22  - (-1/2,  -1/2)  . 

If  we  choose  the  set  of  spanning  tree  flows  to  be  the  sane  as  F, 
Example  5.3.1,  then  we  will  have 


<Vl)}' 

{fd(2),  ^(3)}, 

{f.(l),  f (2),  f (3)}, 

Cl  9 1 

(fe(2)}, 

{f.(l),  f (3)}, 

a a 


and 


zX(F*)  - (1/2,  1/2) 
z2(F^)  - (1/4,  -1/4) 
z2(F2)  - (1/2,  1/2)  . 

Using  (5.4.18)- (5.4.21)  with  previous  values  we  obtain 

-2+  _ 1 
n “ " 2 ' 

~n21*  - (0,  -1/2), 

i22+  - (-1/2,  -1/2), 

z2+  (F*  ) - (1/2,  0)  > 0 . 


Thus  we  see  that  w > 0 implies  z^+(F^)  > 0 and  therefore  Tr^+  is  a 
valid  distance  assignment.  To  obtain  an  integer  assignment  we  first 
consider  the  denominators  of  the  fractions  that  do  not  include  w,  and 
multiply  by  the  minimum  common  multiple.  The  result  will  be 
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particular,  we  will  consider  how  the  degrees  of  freedom  (or  parameters) 
introduced  by  lower  problems  interact  with  those  corresponding  to 
higher  problems.  Furthermore  we  also  want  to  introduce  same  general 


notation  and  make  explicit  some  structural  properties  that  will  be 
used  in  Chapter  VI  when  we  study  the  dynamic  of  the  successive  problem 
relative  to  requirement  changes.  Seme  further  notation  and  properties 
will  be  introduced  in  Section  5.6. 

For  the  third  saturation  level  we  can  write  the  corresponding 
problems  (LP3) , (DP3) , (LP3+)  and  (DP3+)  very  easily.  In  particular 
problem  (LP3)  will  be 

(LP3) : min  a1  - 82  - B3 

A3x  - b (5.5.1) 

X > 0 


where 


, 1 a2  o3  T,-12  * ,„12.T. 

i B » B # s (s  )/(f  )) 


Here  83  is  the  slack  between  a3  and  a2  , sT(S3-2)  is  the  vector  of 
link  slacks  corresponding  to  the  links  of  L-  s\jS2,  F12  ■ F - F*  - F2  , 

and  b is  the  same  RHS  as  in  (LPl)  and  (LP2).  A3  is  a matrix  obtained  from 

A2  by  dropping  the  columns  corresponding  to  links  of  S2  and  the  flows 

2 3 

of  F+  , and  adding  the  column  corresponding  to  variable  B ; this 


column  will  have  zeros  in  all  positions  except  n those  related  to 
— 12 

the  links  of  S , whose  entry  will  be  the  link  capacity . 
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The  dual  of  (LP3)  la 


0>P31: 


(5.5.2) 


xV  < Y3  , 


3 12  3 

where  X has  the  sane  structure  as  X and  X , and  y « (1,  -1,  -1,  0,  — 0) 


The  rrmpl  mnantnrj  slackness  conditions  for  the  pair  ( LP3)  - (DP3) 


will  be 


Theorem  5.5.1 

Let  x and  X3  be  feasible  solutions  for  (LP3)  and  (DP 3)  respectively. 
A necessary  and  sufficient  condition  that  they  both  be  optimal  solutions 
is  that  for  all  l B L,  all  n B N 


*i<  0 -»9lm0 


wt-  0 


£ 0 sHjS2 


3 12 

unrestricted  in  sign,  all  l B S US  , 


^ ifjCj  *0  , i • 1,2  , 

» ^ „i 


(5.5.3) 


(5.5.4) 


Vn>  >0  ■*  -’l  ■ °o(M  <n>  - • 


(5.5.5) 


I — — 


— 

BSii  - 


. 
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Now  we  can  define  the  third  saturation  set  S as 


s3  - U|irJ  <0,  l € s12}  , 


S12  - L - sXus2  - L - s12. 


and  similarly  the  counodities  in  R as 


R3  * {(m,n)  |a3(n)  > 0,  (m,n)  € R12  }, 


-12  A „ „1  2 „ 12 

R ■ R - R (JR  * R - R 


(5.5.6) 


(5.5.7) 


Using  the  notation  introduced  in  (5.4.11) - (5.4.12) , extended  to  the  third 

level,  we  can  write  the  analog  of  Leonas  5. 4. 1-2  as  follows  (we  will 

also  use  a3^(n)  instead  of  only  a3(n)  to  emphasize  that  (m,n)  e R^) . 
in  in 

Leona  5.5.1 

3 

For  any  allowable  path,  P (m,n) , for  commodity  (m,n)  corresponding 
to  an  optimal  solution  of  (LP3)  we  have 


a3  (n)  - -ir33p33(m,n)  > 0,  (m,n)  e R12  , 

m — 


a3  (n)  - -Tr3V2(m,n)  - ir3V3(m,n) , 

m 

2 

(m,n)  e R , 

(5.5.8) 

3 

a3(n)  - -2  i^V^own)  , 

(m,n)  e R1, 

12 

where  for  (m,n)  e R the  corresponding  a (n)  can  be  negative. 

n 

□ 


In  the  same  way,  we  can  extend  to  this  problem  the  remaining  results 
of  previous  chapters.  With  respect  to  the  pair  (LP3+)  - (DP3+)  note 
that  new  (LP3+)  will  have  two  constraints  more  than  (LP3) , that  is 


- ■*  ■ 


(5.5.11) 


Thus  if  we  choose  rt  in  such  a way  that  ir3r*  < 0 and  z3ti(p^f^)  > o, 
then,  (5.5.11)  will  correspond  to  an  optimal  solution  of  (DP3+) . It 
is  easy  to  see  that  the  minimum  value  of  n to  have  such  properties  will 
be 


We  could  write  a theorem  completely  equivalent  to  Theorem  5.4.2 
saying  that  if  n gives  a solution  then  krf , for  any  real  k,  k 1, 
gives  another  solution.  If,  following  the  steps  of  Section  5.4  we  write 


n - -kn,  k > l 


(5.5.14) 


then  we  can  write  the  link  variables  of  an  optimal  solution  of  (0P3  ) 


as 


j-i 
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wh*re  ^(*tn)  any  allowable  path  for  commodity  (m,n)  as  given  by  the 
k-th  problem  and 

P (Bin)  * P (m,n)ngj  (5.5.18) 

□ 

Observe  that  the  summands  of  expressions  (5.5.17)  will,  in  general, 
be  different  depending  on  the  allowable  path  P*( a,n) . This  is  so  be- 
cause not  all  allowable  paths,  except  for  i«k,  go  through  Units  of  the 

same  levels.  Nevertheless  the  value  a5t(n)  is  the  same  no  matter  which 

m 

path  is  used,  and  is  only  a function  of  k,  i and  (m,n). 

We  can  also  generalize  Lemmas  3.1.1  and  5.4.3  in  the  following  way 

LeTwna  5.5.3 

a£(n)  can  be  interpreted  as  the  sensitivity  factor  of  c£  for  changes 
in  comnodity  (m,n)  6 r\  i < k 

AotO  " aa(n)  Ar a (n)  (5.5.19) 

□ 

Another  important  and  extremely  useful  result  is  the  generalization 
of  Lemma  5.3.3  given  below. 


Lemma  5.5.4 

The  link  dual  variables  of  problem  (LPk)  are  given  by 


P .-Pa1, 


i < k 


(5.5.20) 


where 


rnVl  PI 

(Q  ) - — r- 

Lfi  J ’ 


all  i 


(5.5.21) 
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and 


ki  kit  -ik 
C - TT  P„ 


i < k 


(5.5.22) 


PB  ia  the  graph  matrix  representing  the  part  of  the  circuits  of  variables 

i V 

p_.  corresponding  to  links  of  S . Thus 

BA 

ki 

5 la  the  vector  of  weights  of  the  reduced  circuits,  with  respect 

tc  S1,  of  the  variables  of  F*  when  the  link  weights  are  given  by  it1*. 

BA 

Proof:  By  induction  from  Lemma  5.3.3,  using  the  same  procedure  used  to 
prove  that  Lemma. 

Q.C.O. 


The  appeal  of  this  result  is  that  we  can  obtain  the  dual  variables 
without  having  to  compute  the  G -matrices  of  the  tableau.  This  fact  can 
save  an  enormous  amount  of  computation . 

An  equivalent  way  to  express  the  result  of  Lemma  5.5. 4 is  via  the 
global,  or  composite,  saturation  matrix.  The  new  result  will  correspond 
to  the  generalization  of  Lemma  5.3.1,  and  is  stated  below.  Since  the 
proof  of  this  generalized  result  is  completely  analogous  to  that  of 
Lenina  5.3.1  we  will  not  include  it  here. 

Lemma  5.5.5 

For  tile  global  saturation  matrix  of  the  successive  saturation 
problem  reordered  as  in  (5.5.23)  below,  the  corresponding  inverse 
will  have  the  structure  given  in  (5.5.24)  where  P^‘ ' ,M  is  the  matrix 

B 

of  reduced  circuit  of  the  elements  of  F*  *‘M  - F1  U* • . Uf”  with  respect 

BA  BA  BA 


1 


to  the  links  o £ S^'*M  ■ and  is  a full  rank  matrix. 

□ 

From  (5.S.24)  we  see  that  to  obtain  the  optimal  dual  variables  cor- 
responding to  all  levels  of  the  successive  problem  we  only  have  to  compute 
the  first  M rows  of  matrix  (Q1**11)  . 

To  and  this  section  we  will  point  out  that  we  could  easily  extend 
the  results  of  Section  4.4  to  the  global  saturation  matrices.  Thus 
we  could  write 

Definition  5.5.1 

A matrix  with  the  structure  of  (5.5.23)  is  a valid  global  saturation 

matrix  for  problem  (IM)  iff  its  inverse  has  the  structure  of  (5.5.24), 

where  the  elements  of  the  first  K rows  have  to  satisfy  all  the  properties 

corresponding  to  optimal  dual  variables. 

It  is  very  simple  to  see  that  Lemmas  4.4.1  and  4.4.2  generalize 

1 M 

to  this  case.  Thus  we  have  that  each  column  of  pQ*’  must  have  at 
least  a -1  and  a +1  as  components. 

Now  we  will  present  an  exaaple  that  will  illustrate  many  of  these 
results  for  a three  level  problem. 

Example  5.5.1 

Consider  Example  5.4.2  with  the  allowable  paths,  corresponding 

i 

to  a basic  solution,  given  in  Fig.  B.5.4.2a  but  with  a second  saturation 
2 

set  s ■ {a,e}  instead  of  the  sat  {a,c}  given  there.  From  this  solution 


we  can  easily  obtain  the  following  dual  variables 


T 
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,11  ,1  1,  .1  1 , 

1 ■ <v  y * (-t * "i5 


.21 


ir 


.22 


<7fb'  ’'a5 

b g 


<<• 


- (0,  0) 


(.1  . A) 

1 2 ' 2' 


Choasing  the  sane  F set  as  in  Example  5.4.2  we  can  write 


PBA-  {fca>> 


‘ tfg(2>-  V3>> 


P0  - (fjll),  fe(2),  fa(3)} 


PBA“  (£.‘31> 


»;  - » 


PQ  - {fd(D,  fa(3)}  f <f> 


and 


*1<fJ>  - (j,  j) 

2 .1.  .1  1 
z (V  " <2  ' 2} 

Th\is  the  solution  to  (LP2)  is  not  unique  and  either  f.(l)  or  £ (3)  can 

d a 

be  made  basics  without  increasing  aj  or  a^.  Therefore  we  have  to  solve 

a third  saturation  problem.  To  do  that  will  mean  reducing  the  saturation 

level  of  links  d or  c by  using  the  alternate  paths  generated  by  f .(1)  or 

a 

fa(3).  Note,  however,  from  Fig.  E.5.4.2a,  that  neither  fjd)  nor  fa<3) 
can  reduce  the  flow  of  links  d or  c ; on  the  contrary,  they  will  increase 


MMI 
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those  Clews  1C  we  make  them  (either  oC  them  or  both)  nonzero.  Thus 
in  this  case  it  turns  out  that  the  solution  oC  the  third  level  problem 
corresponds  to  a basic  solution  oC  the  second  problem. 

In  terms  oC  the  linear  programming  formulation , the  third  problem 
will  start  with  the  basic  solution  oC  (LP2) , adding  variable  03  and 

■•r 

2 

deleting  the  columns  corresponding  to  P+  (i.e. , none).  The  Cirst  step 

3 —12 

afterwards  will  be  to  make  0 basic,  in  exchange  Cor  the  link  of  S * 

{c,d}  with  highest  saturation  (assume.  Cor  instance,  that  this  link  is 

link  c).  After  making  03  basic  the  new  saturated  link,  link  c,  will 

have,  according  to  (S.5.4),  a nonzero  dual  variable 


To  obtain  the  remaining  dual  variables  we  can  write  the  composite 

saturation  matrix  [see  (5.5.23)1  and  compute  the  third  rw  of  its 

inverse  in  accordance  with  (5.5.24).  For  the  set  F__  as  chosen  the 

BT 

composite  matrix  will  be 


.123 


a1 

02 

e3 

1 

c 

2 

e 

-1 

0 

0 

1 

0 

b 

I 

-1 

0 

0 

-1 

0 

g 

• 

m 

-1 

1 

0 

0 

-1 

a 

-1 

1 

0 

0 

1 

e 

.-1 

1 

1 

1 

1 

c 

and 

2 

e 

stand 

for 

f(l) 

and 

f 

instance,  the  row  reduction  method  of  Section  4.6  we  obtain  Cor  the 
123  -1 

third  row  of  (Q  ) the  value 


CQ123)  ir3)  - (-£,  y,0,  -1,  1) , 


so  that  from  (5.5.24)  and  the  value  of  ir  obtained  before  we  have 


31  ,1  1. 

TT  ■ ( 2 r “ 2 ) » 


.32 


/_  I 1) 
l 2 ' 2' ' 


IT33  - TT3  - - 1 , 
C 


For  these  dual  variables 
z3(fd(l))  - -TT3cd(l)  - 1, 
z3(f  (3))  - -ir3c  (3)  - 1, 

cl  A 

where 

b g a e c d 

caa.  - (-1,  i,  o,  o,  o.  i)  , 

C (3)  - (0,  0,  1,-1,  0,  1)T, 
so  that 

- if4u>,  f,«»» 

and  the  problem  is  finished.  In  this  case  [see  next  section]  we  will 

3ay  that  the  third  saturation  set  is  a singleton. 

New  we  want  to  obtain  a distance  assignment.  According  to  (5.5.15) 
2+  21 

we  first  need  ir  . Since  in  this  case  it  a 0 we  can  ismediately  write 


21+  2+11 
tt  ■ -n  ir  , 


22+  22 
ir  • ir  , 


and  substituting  in  (5.5. 15) 
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-31+ 

-31 

IT 

fli 

ir 

32+ 

32 

IT 

* 

IT 

-33+ 

33 

7T 

m 

ir 

3+ 

*d 

m 

o . 

If  we  call,  for  simplicity, 


A 3+  2+  A 3+ 

u - n n , v - -n . , 


we  can  write 

ir31+  - <|,  -|)  ♦ u(-i,  -|)  - "-j  (u-1,  u+1) 
tt32+  - f)  ♦ -j)  - ^ (v+1,  v-1)  , 


and 


«3<fJ>  - -^c(fj)  - (SS.  , 

*V2)  - <|> 


*3<f3)  - -n^cfr3)  - (1,1)  , 


where 

1 fc.«)lT  To  l 1 o -1  ol T 

e»J)  - * . I 

It  <3)1  Ll  0 0 1 0 -lj  , 


and  similarly  for  C(F^). 


L . 


l - - ^ — -i  .-immtaMtsz-sXr 
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Slnce  we  are  looking  for  a dual  vector  with  the  property  that 
*3+  < 0,  z3+(F^)  > 0,  then  any  real  pair  u ^ 1,  v > 1,  where  u and  v 
cannot  be  simultaneously  equal  to  1,  will  give  an  appropriate  solution. 
The  reason  why  u and  v cannot  be  simultaneously  equal  to  1 is  to  keep 
z3 (f^  C3) ) from  being  equal  to  zero  and  therefore  appearing  as  an  allow- 
able path.  If  we  make,  for  instance,  (u,v)  » (1,3),  then,  we  obtain 
the  integer  distance  assignment 


9 

a 


2, 


9 

g 


0 

e 


!,  6b  - 9d  - 0 


We  see  with  the  help  of  Fig.  E.5.5.1  that  the  assignment  describes 
those  and  only  those  paths  of  Fig.  E. 5 . 4 . 2a , i.e. , those  corresponding 
to  the  optimal  solution  of  (LP3) 


Fig.  E.5.5.1 


Observe  that  the  solution  of  Fig.  E.5.4.2b  can  be  obtained  by  using 
the  values  (u,v)  =*  (3,1). 


5.6  Other  Results  and  Comments  Relative  to  the  Successive  Saturation 
Problem 

The  purpose  of  this  section  is  to  study  a few  remaining  general 
aspects  of  the  successive  problem.  As  we  have  seen  throughout  this 
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chapter,  the  action  of  one  level  an  a previous  level  is,  on  the  one  hand, 
to  reduce  the  size  of  the  optimal  space,  and,  on  the  other  hand,  to  en- 
large the  number  of  basic  alternate  paths.  Furthermore  one  level  can 
also  affect  previous  levels  by  changing  the  composition  of  sets  F^, 
since,  in  general,  a problem  will  have  several  choices  for  F^,  each 
one  of  them  belonging  to  a different  basic  solution.  A difficulty  related 
to  this  point,  occurs  when  all  basic  solutions  for  problem  i give  rise 
to  a nonminimal  set  F^j  that  is,  when  all  basic  variables  have  a saturated 
link  with  a dual  variable  equal  to  zero.  As  promised  earlier,  we  will 
briefly  study  this  situation  now.  We  first  consider  an  example  of 
such  a case. 


Example  5.6.1 

Consider  the  network  of  Fig.  E. 5.6. la 


rx (2)  - 1,  rL(3)  - 2,  ^(4)  - 7 

r2C3)  - 1,  r2C4)  - 4 

r3<4>  - 1, 


i l T— H— Ml 


and  for  which  we  want  to  solve  the  successive  saturation  problem.  Accord- 
ing to  the  methodology  introduced  in  Chapter  IV  we  first  choose  a set 
of  spanning  trees,  one  for  each  commodity.  Let  these  spanning  trees  be 
those  of  Fig.  E.5.6.1b  and,  thus, 


let 

Fbt-  {fa<2>,  fb(3),  f,<3),  faU),  fd(4),  fe<4)}  . 

The  remaining  flows,  that  is,  those  creating  alternate  paths,  will  be 

F"FBT“  {fa(3>'  fb(4)'  V4,}  * 

If  only  the  variables  of  are  used  to  accommodate  the  requirements 
we  will  have  the  flow  distribution  of  Fig.  E. 5. 6.1c 


Fig.  E . 5 . 6 . lc 


This  flow  distribution  corrs spends  to  ths  updated  constraint  matrix 

obtained  from  the  starting  (LP1)  matrix  by  making  the  elements  of  F„ 

BT 

basics  i.e.,  by  applying  Step  1 of  Section  4.1.  The  upper  part  of  this 
updated  matrix  is  given  in  Tableau  E.5 .6. la, 


Frcn  T. E.5. 6. la  it  is  easy  to  obtain  an  optimal  solution  for  (LPl) . 

Mote  that  every  time  we  make  a change  of  basis,  i.e.,  we  make  sane 
element  of  F-?BT  basic,  we  must  check  that  the  elements  of  stay 
at  a non-negative  value)  if  not,  we  must  change  the  composition  of  P 

BT 

lhe  computation  of  the  elements  of  corresponding  to  a basic  solution 
can  be  easily  done  by  means  of  expression  4.2.39.  In  this  particular  case 
the  computation  is  trivial  since 

fa(3>  ♦ ^(3)  - rx(3) 

^(4)  + fa(4)  - r^(4) 

fc(4)  + fd(4)  " V4)  + r2 (4) 

fa(2)  - r^ (2) , 
etc.* 


-ir  T.E.  56.1b 

We  see  that  the  solution  given  in  T.E. 5. 6. lb  is  non-mininal  since 

7rb  • 0.  Furthermore  the  other  possible  basic  solution,  obtained  by 

making  fa(3)  basic  instead  of  (4) , has  the  same  property?  hence  we 

conclude  that  the  problem  is  nonminimal.  Suppose  now  that  we  make 

the  slack  of  link  b basic  in  T.E. 5. 6. lb,  replacing  either  f (4)  or 

c 

fa(3),  whichever  is  basic.  The  result  is  given  in  Tableau  T.E. 5. 6.1c, 
where  we 


see  that  s » -1  < 0 , but  we  also  see  that  both  f (4)  and  f (3),  that 
d c a 

can  replace  sfa  in  the  basis,  have  a zero  cost.  That  means  that  in  order 

to  reduce  the  saturation  level  of  link  b below  a1  we  can  use  an 

0 

alternate  path  that  do  not  increase  the  level  a*.  This  fact  can  be 
better  seen  with  the  help  of  Fig.  E.5.6.1d,  which  represents  the 
solution  given  in  T.E.5.6.1c.  In  this  figure  we  can  use,  for  instance, 
the  dotted  path,  which  corresponds  to  f^ (3) , to  reduce  the  flow  over 
link  b without  augmenting  the  flow  on  links  e or  d.  It  is  not  difficult 


by  saying  that  link  b should  correspond  to  a lower  saturation  level. 

In  this  respect  consider  that  we  proceed  to  solve  the  second  saturation 
problem  over  Tableau  T.E.5.6.1c  in  spite  s^  < 0.  According  to  the 
results  of  Section  5.2  the  starting  tableau  is  given  by  T.E.5.6.1d  (we 
keep  also  the  links  of  ■ {d,e}  for  the  sake  of  completeness) 


T.E.5.6.1e 


To  end  this  example  observe  that  it  corresponds  to  the  case 
21 

of  (5.3.4)  where  j*  0,  that  is  where  the  path  (paths)  used  to 

2 1 

balance  the  traffic  in  S belong  to  a conmodity  of  R.  Note  that 

in  those  cases  the  solution  to  the  second  saturation  problem  changes 

the  value  of  the  flow  variables  of  F1  . 

BA 


-w* 


...  :f^r 
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It  is  not  difficult  to  see  that  the  procedure  used  in  the 
example  to  overcome  non-minimality  can  be  easily  generalized.  This 
fact  allows  us  to  write 


Lemma  5.6.1 

Whenever  we  have  a non-minima 1 i-th  level  problem,  i.e . , a 
problem  all  of  whose  optimal  basic  solutions  are  non- minimal,  we  can 
ignore  the  negativeness  of  the  slack  of  the  links  with  zero  dual 
variable,  and  consider  a Q matrix  with  only  |s^|  links.  Continuing 
the  optimization  to  lower  problems,  one  of  them  will  correct  this 
negativeness.  Acting  in  this  way  all  previous  results  can  be  generalized 
to  nomninimal  problems. 


As  we  said  in  Chaptar  II,  and  is  obvious  from  the  analysis,  the 
number  of  problems  to  be  solved,  far  a given  network  and  requirement 
matrix  is  finite.  If  (LEM)  is  the  last  problem  then  .S**  must  be  a 
single  point  or  else  the  solution  to  the  globed,  problem  is  not  unique. 
In  Section  4.3,  following  the  definition  of  subcanmodity  (Definition 
4.3.2) , we  introduced  one  of  the  causes  for  nonuniqueness  as  the 
possibility  of  having  subcommodi ties  within  a network.  The  other 


possibility  for  nonuniqueness  is  given  by 


4.3.10.  We  can  now 


see  that  this  last  nonuniqueness  can  also  be  caused  by  the  existence 

of  subcommodities  due,  not  to  the  structure  of  the  network  itself 

k 

but  rather  to  the  inaccessibility  of  links  of  s to  commodities  of 
, or  to  the  particular  structure  of  the  solution.  To  see  this 
fact  consider,  for  instance.  Tableau  T.E.5.6.1e  of  Example  E.5.6.1. 


Since  £ (3)  can  enter  the  basis  only  to  replace  f (4)  we  see  that, 
a c 

for  this  example,  M-2  and  the  successive  problem  is  not  unique.  The 
reason  for  the  non-uniqueness  lie  in  the  fact  that  because  of  the 
solution  we  have  infinite  ways  to  apportion  commodity  (1,3}  and, 
part  of  commodity,  (1,4)  via  paths  b or  (a,c).  Thus  we  can  say  that 
for  this  solution  commodity  (1,3)  is  a subcommodity  of  (a  part  of) 
commodity  (1,4). 

Summarizing  we  can  say  that  the  only  cause  of  non-uniqueness 
is  the  possibility  of  having  two  or  more  commodities  that  can  be 
arbitrarily  apportioned  among  paths  without  modifying  the  saturation 
level  of  any  link  of  the  network.  This  fact  can  only  be  due  to, 
either  the  existence  of  a network  subcommodity  (Definition  4.3.2) , 
or  to  the  existence  of  two  flows  satisfying  Lemma  4.3.10.  Whenever 
this  last  circumstance  occurs  we  will  say  that  we  have  a solution 
subcommodity.  Thus  we  can  write 

Lemma  5.6.2 

The  successive  saturation  problem  is  nan-unique  iff  there 
exists  some  network  or  solution  subcammodities . 

□ 

Whether  a successive  problem  has  a unique  solution  or  not, 
in  general  we  will  have,  once  the  last  problem  has  been  solved, 
some  remaining  links  that  do  not  belong  to  any  S**.  We  can  consider 
these  links  as  individual  saturation  sets  with  a saturation  level 
given  by  the  ratio  between  their  flows  and  their  capacities . Note, 


. - 


. x 
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though,  that  this  is  not  the  only  possible  way  in  which  we  can  have 
saturation  sets  with  only  one  element.  Suppose  we  have  solved  the  k-th 
level  problem  and  found  the  optimal  value  a*.  if  link  l e s1*’*  is  the 
link  with  closest  saturation  level  to  a*  among  the  links  of  s1*'*,  then, 
the  0c+l)-th  problem  will  try  first  to  reduce  a^,  the  saturation  level 
of  link  l.  Suppose  that  all  flows  that  could  reduce  the  value  of  a, 

A* 

have  positive  cost  at  some  level  i < k;  then  cannot  be  further  reduced 
and  it  will  constitute  a saturation  level  with  an  isolated  link  component. 
Because  of  this  reason  we  will  call  this  set  a singleton.  The  ^-matrix 
of  the  singleton  is  just  the  negative  value  of  the  capacity  of  its 
element. 

Por  completeness  we  now  present  some  extensions  of  the  results 
and  bounds  of  Section  3.5.  Prom  Theorem  3.5.2  and  using  a procedure 
completely  similar  to  the  proof  of  Theorem  3.5.3  we  can  obtain 

Theorem  5.6.1 

The  maximum  number  of  alternate  paths  required  by  an  optimal 
solution  of  the  successive  saturation  problem  will  be  l-N-vq , where 
vQ  - 0 for  a strongly  connected  network,  and  vQ  » 1 for  a weakly 
connected  network. 

□ 

An  Immediate  extan tion  of  this  theorem  is 

Theorem  5.6.2 

If  M is  the  total  number  of  problems  solved  in  the  hierarchy 


of  the  successive  probL 
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I S | < L-N  + V.  + M , 


whera  vn  **  defined  in  Theorem  5.6.1. 


Proof: 


From  1*^1  ■ |s*|  - 1 and  Theorem  5.6.1. 


Corollary  5.6.2a 


Q*E*D« 


If  the  bound  of  Theorem  5.6.2  is  satisfied  with  equality  then 


M + VQ  < N. 


Proof: 


Obvious  from 


S* 


< L . 


Corollary  5.6.2b 

The  maximum  number  of  saturated  links  that  a single  saturation 
level  might  have  is  I.  - N + vQ  + 1 and  will  correspond  to  S1. 

Q 

We  will  end  this  section  and  chapter  with  some  comments  on 
how  each  level  modifies  the  partition  of  set  F into  corresponding 
subsets.  After  the  first  saturation  problem  is  solved  we  have  the 
first  partition  of  F as  follows 


^BT  m basic  flows  corresponding  to  the  spanning  trees , 

f^a  " set  basic  flows  generating  alternate  paths, 
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” set  of  nonbasic  flows  with  zero  partial  cost 

■ {f^(n)  Iz^Cn)  ■ -ir^cjtn)  - 0,  all  l,  n,s.t. 
f^(n)  is  non  basic}, 

F^  « set  of  nonbasic  flows  with  positive  partial  cost 

■ {f^(n)  Izj^te)  ■ -ir^cjtn)  > 0,  all  i,n}  . 

Clearly,  assuming  a stable  point,  only  F^  will  be  invariant  for  all  the 
optimal  basic  solutions  of ' (LPl) . The  composition  of  the  remaining 
subsets  will  depend  on  the  particular  optimal  basic  solution  we  choose. 
First  we  have  the  choice  of  the  elements  of  F^,  which,  essentially , 
corresponds  to  a choice  of  coordinates.  Given  F^,  and  we  can  write 

pJu  PBA  " <Vn)  l*Z1(n>  " *llci(n)  " °»  811  * 

t 

Thus  the  partition  of  {j  F^_  into  and  F*  is,  somehow,  arbitrary. 

U 3A  0 BA 

»ny  subset  of  |sX|  - 1 lod.pend.ot  el^nts  of  pj  u F^  that  could 

generate  a valid  saturation  matrix  will  make  a valid  F^  . 

BA 

Consider  now  an  optimal  basic  solution  of  the  second  saturation 

2 2 2 

problem.  We  can  similarly  define  subsets  F_.  F_  and  F as  follows 

BT  0 + 

2 

FqT  ■ set  of  spanning  tree  flows  corresponding  to  an  optimal 
basic  solution  of  the  second  level  problem. 

Fq  - {fa(n)|zj(n)  - -ir2CA(n)  - 0,  f^tn)  f P*  , 
f^(n)  non  basic} 

^ - {f^(n> |z2{n)  - -n2cz(a)  > 0,  f£(n)  0 F*}  . 
we  can  define  now  a subset 
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1 A ^ 

FBA  " s, <n>  lf£(n)  f£(n)  0 F^} 


set  of  flows  corresponding  to  the  alternate  paths  of 
an  optimal  solution  of  (LP2) , 


where 


f12i 

BA1 


Is1!  + |s2|  - 2 . 


Since  the  variables  of  F+  are  not  active  at  (LP2)  we  have 


.12 


' BT 


uFbaUfoup+  “p- 


Although  (LP2)  can  change  the  structure  of  the  spanning  tree  flows  given 
by  (LPl)  we  can  immediately  change  coordinates  in  (LPl)  and  write  the 
corresponding  optimal  solution  in  terms  of  an  fV_  » f2  . This  change 

O*  BT 

of  coordinates  will  affect,  of  course,  the  structure  of  F^  and  F^,  which 

BA  0 

will  exchange  elements  with  the  old  F^,.  Therefore,  without  loss  of 

generality  and  for  simplicity  of  notation  we  will  assume  F1  - F2  « F 

BT  BT  BT 

In  this  case  we  have 


Fm|J!oUF+  • 

2 i 

Note  that  F+  can  have  elements  of  F , that  is,  the  second  saturation 

problem  could  change  the  structure  of  . in  this  case  F1  and  F1 

BA  BA  0 


will  exchange  elements.  This  situation  could  happen  if  *22( n)  > 0 for 

X 

some  f^(n)  B F^.  Thus  F^  need  not  be  a subset  of  F^  . In  any  case, 

once  we  know  F^2  we  can  partition  it  into  two  subsets  F1  and  F2  such 

BA  BA 

that  F will  generate  a valid  saturation  matrix  for  (LPl)  and  F2  will 

BA 

do  the  same  for  (LP2)  once  the  elements  of  F*  are  made  basic.  Observe, 

BA 
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11  22 

also,  that  once  P^,  ir  and  ir  are  know  we  can  write,  as  before 


Fn  Fm  “ {f - (n)  Jlzt^fn)  » z.Cn)  » 0,  all  l,  n} 


.11 


BA 


^ ^ 1 2 

Thus  is  any  subset  of  js  | + |s  ( - 2 independent  elements  of 

Fq  U f£J  that  can  form  a valid  global  saturation  matrix  Q12  as  defined 
in  (5.3.13). 

This  type  of  reasoning  can  be  directly  applied  to  the  third  and 
lower  saturation  problems,  where  any  problem  k could  alter  the  composi- 
tion of  the  sets  of  alternate  paths  of  upper  levels  by  properly  ex- 
changing elements  of  sets,  say,  F^  and  F^ , j < k.  if  the  successive 
saturation  problem  consists  of  M level  problems  we  can  write  the 

1 u 

following  general  set  relationships,  assuming  F - * F > F , 

BT  BT  BT 


12.  .k 

w 

BA 


VI. 


U F0  u p+  - P “(F*  up;  U ..  -u  p;  ).  all  lfk^l 

12. . (k-1)  k-1 

“ fba  u po  ' 


(5.6.1) 


where 


P*  - {f£(n)  |*J(n)  > 0,  fA(n)  0 F*U-U  F*'1}  , 


(5.6.2) 


and 


k,  . 
zlM 


- -irkCl(n)  - - 


kii . , 
ff  c^(n)  . 


(5.6.3) 


From  (5.6.1)  we  can  also  write 


_12 . .k  . _ 

fba  U Pq  • p U«*U  Pk) 


(5.6.4) 


- {f4(n)|*J(n)  - ., 


■ z^(n)  ■ 0,  all  A,n} 


I 


•V, 
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Note  from  (5.6.3) , the  definition  of  Q * *k  given  in  (5.5.23)  and  the 

f.ct  th.t  CQl"V1  S1-11  . I,  Vh.r.  (a1-")-1  i,  given  i„  (5.5.24). 
that 


ZJ(n) 


k (5.6.5) 

Vn)  - 0 <->  wi(Cjl(n)  O S1"*]  - o,  all  l<i<k. 


where  wi  is  the  i-th  row  of  (Q12***)”1  and  g1"*  , g*  s* 

(5.6.5)  provides  us  with  a way  to  write  an  alternate  definition  of 


F 


,12. .k 
BA 


U F 


0 * 


Suppose  now  that  we  have  a set  F^' *k  but  we  do  not  know  a 
partition  of  this  set  into  subsets  F^,  F2A>...,  f£a  and  we  want  to 
find  one  such  partition.  The  first  condition  that  we  have  to  impose  on 
these  subsets  is 


|f!Lj  “isli- 1 ' 


all  1 < i < M. 


(5.6.6.) 


To  find  a possible  set  F*A  we  have  to  look  for  a set  of  Is1) - 1 elements 

12*  .k 

of  FBA  that  can  form  a valid  first  saturation  matrix  (see  Section 
4.4).  This  is  an  easy  task,  according  to  Section  4.4,  and  we  can 
readily  obtain  a set  F^.  Given  F^  we  can  then  find  a corresponding  set 


i) 


via  one  of  two  equivalent  methods: 

12 

Makin^  Fbau  fba  generat®  a valid  global  saturation 
matrix  for  problem  (LP2)  according  to  Definition  5.5.1, 
or 


ii)  Making  the  elements  of  F*  basics,  as  in  (5.3.6),  and 
2 *** 

choosing  !ba  to  generate  a valid  second  level  saturation 
matrix,  Q2,  as  defined  in  (5.3.10)  - (5.3.11). 


A necessary  condition  for  F2&  to  be  a valid  set  according  to  method 
i)  is  that  the  circuit  matrix  P*2  must  be  full  rank  and  each  column 


must  have  at  least  a +1  and  a -1.  Similarly  a necessary  condition, 

according  to  method  ii) , is  that  P^  must  be  full  rank  and  each 

column  must  have  at  least  a positive  and  a negative  component. 

The  procedure  can  be  obviously  generalized  to  lower  levels.  A 

12  • #k 

case  where  the  partition  of  F , is  immediate  is  when  the  columns  of 

BA 

12.  .M 

matrix  P can  be  reordered  to  give  a lower  block  triangular  matrix 
0 

with  the  structure  of  (5.6.7)  below.  In  this  case,  which  for  (LP2 ) 

21 

corresponds  to  Pg.  >0  (see  Section  5.3),  the  solution  of  the  partitioning 

problem  is  unique.  In  general,  it  can  be  expected  that  the  partitioning 

problem  will  not  fall  either  into  the  completely  general  case  nor  into 

the  most  simplified  one.  This  means  that  we  can  expect  to  be  able  to 
1*  M 

reorder  P0‘ * into  a lower  block  triangular  matrix  where  some  of  the 
upper  diagonal  blocks  or  subblocks  will  be  nonzero. 


(5.6.7) 
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CHAPTER  VI 


DYWAMIC  ANALYSIS  OP  THE  SUCCESSIVE  SATURATION  P FORT  .pm 


6.1  Introduction 

The  object  of  this  chapter  is  the  study  of  the  dynamic  evolution  of 
the  successive  problem  optimal  solution  due  to  requirement  changes. 

In  Section  3.2  we  saw  that, for  a stable  point,  there  exists  a certain 
margin  of  change  of  the  requirements  that  will  not  cause  a change  of 
optimal  basis.  We  called  the  linear  region  for  a given  basis  the  region 
where  vector  r and  the  optimal  point  can  move  without  forcing  a change 
of  optimal  basis . Although  the  definition  of  section  3.2  was  introduced 
for  the  first  saturation  problem,  it  is  clear  from  Chapter  V that  it 
generalizes  to  lower  saturation  problems.  Because  of  this  fact  it  seems 
obvious  that  we  will  have  two  different  types  of  situations  regarding 
the  dynamic  analysis  of  the  successive  problem:  one  will  be  the  dynamic 
evolution  of  the  optimal  point  within  a linear  region,  and  the  other 
will  be  the  reoptimization  required  when  the  system  is  forced  to  change 
linear  region. 

Observe  that  the  successive  problem  as  a whole,  in  spite  of  being 
a nonlinear  problem,  has  also  a linear  region.  This  linear  region 
trill  correspond  to  the  optimal  basis  of  the  last  saturation  problem.  If 
we  consider  the  linear  region  for  a given  level  as  the  region  within 
which  r can  change  without  altering  the  optimality  of  the  set  of  alter- 
nate paths  for  that  level,  it  is  not  difficult  to  see  that  the  linear 
region  for  the  global  problem  will  be  the  intersection  of  the  linear  regions 
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of  all  existing  level  problems.  Thus  we  can  monitor  the  global  problem 
by  monitoring  each  problem  individually;  as  soon  as  a level  needs  basis 
reoptimization,  the  global  problem  will  have  to  change  linear  region. 
Therefore  the  study  of  the  linear  evolution  of  the  optimal  point  will 
be  focused  on  the  study  of  the  evolution  of  individual  levels. 

To  enumerate  the  causes  that  can  induce  a change  of  basis  consider 
the  different  type  of  basic  variables  that  exist  at  any  optimal  solution, 
we  have  basic  variables  corresponding  to  the  value  of  the  flow  on  alter- 
nate paths,  which  we  called  routing  or  flow  variables  in  Section  3.6.  One 
also  has  the  basic  variables  corresponding  to  the  slacks  between  the 
value  of  two  consecutive  saturation  levels,  and  finally  one  has  the 
basic  variables  corresponding  to  the  spanning  trees.  Therefore  there  are 
three  different  causes  that  can  induce  a change  of  basis,  depending 
upon  which  type  of  variable  is  becoming  negative.  The  physical  reasons 
behind  these  three  causes  can  be  identified  as  follows: 

i)  A slack  becoming  negative  means  that  two  saturation 
levels  are  coalescing  and  the  level  that  was  below 
will  surpass  the  level  that  was  on  top,  thereby 
gaining  the  right  to  use  the  saturated  links  of 
this  level. 

il)  A flew  variable  becoming  negative  implies  that  a 
saturation  level  is  breaking  apart. 

iiil  Finally,  a spanning  tree  flow  becoming  negative  will 
mean  a change  in  the  structure  of  this  spanning  tree. 

We  will  study  all  these  three  causes  in  the  coming  sections  of  tb\_ 


chapter. 
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6.2  Optimal  Control  and  Information  Flow  Within  a Linear  Region 

In  this  and  the  next  sections  we  will  study  the  necessary  computations 
and  information  flow  needed  for  tracking  the  optimal  solution  within  a 
linear  region. 

Suppose  that  the  optimal  solution  of  the  successive  problem  generates 
an  M- level  problem  and  that  node  m receives  an  increment  in  commodity 
<m,n)  e R of  value  Ar^Cn) . Consider  also  that  this  value  is  not  enough  to 
cause  a change  of  optimal  basis.  We  want  to  study  the  operations  that  the 
system  has  to  perform  in  order  to  reach  the  new  optimal  point.  Assuming  a 
central  control,  the  reoptimization  process  will  have  the  following  steps: 

i)  Node  m will  send  the  value  Lx  (n) , specifying  the  commodity, 

n 

to  the  central  control 

ii)  The  central  control  will  compute,  according  to  expressions 
(4.2.39),  (5.3.29),  or  their  analogs  for  lower  levels, 
the  new  value  of  all  the  variables  of  F^.,  1 < i < M, 
that  are  affected  by  that  change. 

iii)  The  central  control  will  send  the  information  on  the 

new  values  to  those  nodes  whose  flow  variables  have  changed 
value. 

iv)  The  nodes  that  receive  the  information  proceed  to  implement 
the  necessary  changes. 

New  we  will  study  each  step  in  more  detail.  Step  i)  presents  no 
special  difficulties,  with  respect  to  step  ii)  let  us,  first,  obtain  a 

general  expression  for  F*  . 

BA 

Since  the  solution,  of  the  successive  problem  provides  a valid 
partitioning  of  alternate  paths  into  subsets  F*  , 1 < i < M,  we  can 
draw  a simplified  tableau  including:  a)  the  circuits  corresponding  to 


* 


the  variables  of  F„„ , all  i,  b)  the  capacity  columns  corresponding  to 
saturation  levels  and  slacks  between  consecutive  levels,  and  c)  the 
RHS  vector  re stilting  from  the  completion  of  step  1 of  Section  4.2.  This 
tableau  will  have  the  form  shown  below,  where  we  choose  M » 3 for 
simplicity  of  notation: 


‘l  4 

a2  f2 

B PBA 

03|  f3 

P rBA 

RHS 

s1 

V 

V1 

V1 

V 

s2 

V2 

H32 

V 

s3 

9 

M3 

V 

(6.2.1) 


Here,  for  i > j 

l.ij  . ii  ij,  l.ij  r i.  ij-  l.ji  r- i«ji, 

* " t-c  |PB  1;  ■ (c  |PB  1»  * ■ I°lpB  3 

\ (6.2.2) 

PBj  “ C(FL)  0 sj  ' 

where  C(F^_)  is  the  circuit  matrix  of  the  variables  of  F*  and, 

BA  BA 

- v a 4 a f^fS*)  is  the  aggregate  flow  of  the  links  of  Si  assuming 
all  requirements  flaw  only  through  links  of  spanning  trees  (see  Lemma 
4.2.4  and  its  corollary). 

The  left  superscript  1 in  all  matrices  means  that  these  matrices 
correspond  to  a tableau  obtained  after  step  1 of  Section  4.2  is  c- — 
pleted  but  before  the  variables  of  {a1,  F*  } have  became  basics.  In  general 
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a left  superscript  i will  mean  that  the  tableau  corresponds  to  the 
case  when  step  1 has  been  completed  and,  furthermore,  the  variables 

of  sets  {a  , F^}  ...  {a*  \ F^1}  have  become  basics.  Thus,  for 
instance 


where  Q* 

(2+)'1(£l) 

that 


_i 

‘ C+  (6.2.3) 

represents  the  saturation  matrix  for  level  i,  that  is  where 
* ^(S1).  Hence  we  have  from  (6.2.3)  and  tableau  (6.2.1) 


V3-  - 0 all  i < j ->  - 1q3  (6.2.4) 

In  terms  of  computation,  (6.2.4)  is,  of  course,  a very  important  simpli- 
fying property  that  we  must  exploit  whenever  it  is  present.  In  words f 
(6.2.4)  describes  the  case  in  which  the  routing  of  upper- level  cosmo- 
dities  will  impact  the  routing  at  level  j,  but  the  routing  of  level 
j does  not  have  impact  back  on  the  routing  at  upper  levels. 
simplifying  rules  can  be  obtained,  in  the  other  direction,  whenever 
some  Vj  - 0 for  some,  or  all,  i < j.  to  make  these  simplifying 
results  more  apparent  let  us  study  first  the  cue  where  the  $ -matrices 
of  the  upper  diagonal  part  of  the  tableau  (6.2.1)  are  zero. 

Case  I (V1  - 0 all  i < j,  all  j,  2 < j < M) 

If  we  make  a1,  F^,  81,  F^,  all  2 < i < m,  basic  in  (6.2.1)  the 
optimal  valrm  of  these  new  basic  variables,  after  some  matrix  manipu- 
lation and  using  the  results  of  Chapters  IV  and  V,  is  given  by 


A | .gmiussar.  ■:sgr- 
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6.2.1 


The  value  of  the  basic  flam  generating  alternate  paths  for  com- 
modities of  level  i,  under  'die  assumption  of  case  X,  are  given  by 


4 - -^4 + £ 441 • i^1 


(6.2.5) 


Expression  (6.2.5)  states  clearly  the  hierarchical  ordering  of  the 

{pi  } for  this  case.  If  we  assume  now  an  increment  Ar  (n) , where  (m,n)  e 
BA  ® 

R^,  then  clearly  this  increment  cannot  affect  the  variables  of  P^,  j < k< 
The  sequence  of  expressions  that  will  give  the  correct  terms  for  the 
(and  thus  the  new  optimal  point)  can  be  easily  obtained  from  (6.2.5)  and 
T»mnu»  4.2.4.  These  results  are  given  by  the  following  lemma. 


6.2.2 


The  increment  on  the  value  of  the  routing  variables  generated  by 

r 

V 

an  increment  Ar  (n) , (m,n)  6 R , under  the  assumptions  of  case  I,  is 
01 

af*  - -n^Ati 

BA  T 

*4  - + £ 4 *4#  411 1 > ^ 


where  the  consonants  of  Af^  are 


Afjl  “ 


Ar  (n)  , all  i € T(m,n)  D S* 


0 , otherwise 


(6.2.7) 


Thus  to  compute  (6.2.6)  we  need,  in  principle v , all  inverse*  (Q  ) , 


* ^ Some  Afi  and  A?;|.  could  be  equal  to  zero,  reducing  the  number  of  equations. 
T BA 
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i _>  k,  and  the  graph  matrices  and  vectors  P^1  and  T(m,n).  Hence, 
instead  of  working  with  a big  inverse  matrix  we  are  able  to  perform  all 
computations  by  means  of  small  q^x matrices.  The  remaining  calcula- 
tions are  performed  by  graph  theoretic  means. 

Observe,  from  (6.2.6),  that  the  cause  for  a Af^(n)  f 0 can  be  two- 
fold: as  a result  of  AfJ  being  non-zero,  or  as  a result  of  the  effect 

of  previous  level  rearrangements  expressed  through  the  term  ZP  ^ A F^  . 

B BA 

Note  that  each  row  of  corresponds  to  a link  of  sS  thus  the  product 

of  the  row  corrsponding  to  link  l by  the  colimm  vector  gives  the 

BA 

net  flow  that  the  variables  of  the  j-th  problem  add  to  the  flow  of  link 

l. 

For  the  sake  of  completeness  we  now  obtain  the  new  value  of  the 
saturation  levels  a^,  i ^ k.  Following  an  entirely  analogous  procedure 
to  that  used  for  the  proofs  of  Lemmas  6. 2. 1-2  we  could  prove 

Lemma  6.2.3 

Given  a solution  to  the  successive  saturation  problems,  the  value 
of  the  various  saturation  levels  are 


4 - -*“‘4  ♦ H PBipM'  - ‘i>- 

V 

Furthermore  for  a Ar  (n) , (m,n)  e R we  have 

91 


(6.2.8) 


i-l 


*6  - -irU(4f^  » V fJ1  1 > * , 

where  all  vector  and  matrices  are  defined  in 


(6.2.9) 


6. 2. 1-2. 


□ 


Lt. 


I a**--  W 


jr 
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Thus  the  optimal  value  of  the  flew  of  the  alternate  paths  will  be  given 
by 


123  -123  .123 

fba  --n  fT  ' 

123  1 

where  now  F is  the  vector  whose  components  are  those  of  F„, 
BA  BA 

Similarly,  for  the  optimal  value  of  the  saturation  levels 


(6.2.12) 
U r^. 


c£  - -irW^s1)  , 

a0  “ -^(S1Us2)fTCS1US2)  f (6.2.13) 

a2  - -ir3(S1uS2US3)fT(S1Us2uS3)  . 


Considering  now  an  increment  in  Ar  (n)  the  corresponding  change  in 

m 

the  flow  variables  will  be  given  by 


.123  -123  .123 


(6.2.14) 


123 


in  particular  for  f^(n)  e F ’ 


Af0(n)  - -(^(rin)  Afi23 
Z — T 


(6.2.15) 


Thus  the  main  difference  between  the  general  and  simplified  case 
is  that  whereas  in  the  simplified  case  we  can  perform  the  reoptimization 
via  a collection  of  small  saturation  matrices  for  the  general  case  we 
have  to  work  with  a single,  larger,  composite  matrix. 

In  general  it  might  be  expected  that a problem  will  neither  fall 
into  the  simplified  case  not  into  the  more  complicated  one,  where  all 
<t- matrices  are  nonzero,  if  it  happened,  for  instance,  that  matrices 
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$ and  $ of  (6.2.1)  are  zero  matrices , then  we  could  use  a com— 

2 3 

posits  matrix  for  the  links  of  S and  S and  use  the  simplified  method 

between  Q1  and  this  composite  matrix. 

Observe  from  (6.2.15)  that  since  f^  and  Q are  constant  for 

a given  linear  region  we  can  give  the  information  contained  in  f_  and 

T 

123 

fl  (r£n)  to  the  node  o (1)  and  then  this  node  can  compute  Af^(n)  for 

a given  change  Af^.  This  procedure,  which  is  also  applicable  to  the 

simplified  case  (for  this  case  the  corresponding  Q(r2n) , and  f^  vectors 

will  be  smaller)  can  give  rise  to  a decentralized  control  procedure 

within  a linear  region,  in  which  the  corresponding  increment  Ar  (n) 

01 

is  broadcast  to  nodes  at  the  origin  of  alternate  paths  everytime  there 

is  a change  in  some  requirements. 

The  change  in  the  saturation  levels,  due  to  some  Ar  (n) , can  be 

m 

obtained  from  (6.2.13)  or  from  general  expressions  derived  from  the 

generalization  given  below  of  T/twmas  3.1.1  and  5.4.3: 

\ 

\ 

Lemma  6.2.4 

For  a Ar^fo)  0,  (m,n)  e R*,  the  increment  in  the  saturation  level 
of  the  various  problems  is  given  by 


AaJ  - 0 , i < k 

AolJ  • a^fo)  Ar  (n)  i > k 

w Q B m 

□ 

Finally , it  deserves  to  be  mentioned  that  all  this  information, 
regarding  changes  within  a linear  region  due  to  requirement  changes, 
could  have  been  obtained,  similarly,  via  the  canonic  equations,  see 
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Section  3.6.  In  this  case  we  will  have  a collection  of  canonic  equations 
for  each  level,  where  scene  of  the  routing  variables  could  appear  in  more 
than  one  level.  It  is  clear  that  when  the  number  of  links  and  levels 
grows  the  canonic  equation  procedure  becomes  very  inefficent,  and  it 
is  better  to  concentrate  the  necessary  information  into  the  saturation 

matrices  and  f vector. 

T 

With  this  we  conclude  the  analysis  of  step  ii)  of  the  four  step 
classification  put  forth  at  the  beginning  of  this  section.  With  respect 
to  steps  iii)  and  iv)  we  make  the  following  observations: 

a)  Step  iii)  is  essentially  a problem  of  efficient  coding, 
and  it  will  not  be  treated  here.  For  a very  recent  and 
excellent  work  in  the  area  of  coding  for  communication 
networks  see  [43] . We  also  assume  that  this  updating 
traffic  does  not  increase  the  saturation  level  of  the 
links,  which  is  equivalent  to  assuming  that  there 
exists  a collection  of  small  special  channels  used  for 
this  purpose. 

b)  Regarding  step  iv)  we  first  recall  the  assumption  made 
in  Chapter  II  considering  the  flow  and  requirement  vari- 
ables as  continuous  variables.  If  this  is  not  the  cue 
and  the  network  is,  for  instance,  a telephone  network, 
then  we  could  think  of  a suboptimal  procedure  that  will 
work  at  a point  close  to  the  optimal  solution  while  still 
maintaining  the  integrity  of  the  calls.  This  problem  will 
not  be  studied  in  this  thesis. 

c)  Another  problem  concerning  step  iv)  is  the  possibility 
of  needing  some  ordering  in  the  implementation  of  the 
necessary  changes.  This  will  be  the  case  if  some  Af^(n) 

is  more  negative  than  the  actual  value  of  the  existing  flow 
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frcm  0(A)  to  n.  In  this  case,  sir ce  we  assumed  that  Ar 

nx 

was  not  enough  to  cause  a change  of  basis,  node  o(A)  cannot 
implement  the  necessa-'-v  change  completely  until  some  upstream 
node  implements  its  changes,  so  that  the  flow  (o(A),  n)  in- 
creases. The  same  ordering  problem  will  appear  if  by  imple- 
menting a computed  Af^(n)  node  o(A)  would  exceed  the  capacity 
of  link  A.  These  situations  will  be,  nevertheless,  very 
easily  detected  and  simple  to  solve  by  waiting  until  seme 
upstream  node  acts. 

We  end  this  section  with  same  comments  about  the  stability  of  the 

reoptimization  within  a linear  region.  Assuming  that  the  network  is 

reliable  (i.e.,  no  link  or  node  failures,  good  error  control,  etc.). 

The  main  cause  of  inestability  will  be  due  to  the  simultaneous,  or  almost 

simultaneous,  appearance  of  several  requirement  changes  in  the  network. 

If  only  one  increment,  A r (n) , appears  at  a time  and  the  separation  between 

xn 

successive  increments  (we  obviously  consider  positive  or  negative  incre- 
ments) is  long  enough  to  allow  for  a complete  settlement  of  the  changes 
caused  by  the  first  increment,  then,  frcm  previous  sections,  we  see  that 
there  is  no  reason  for  inestability. 

Assuming  a centralized  control  procedure  the  settling  problem  can 
be  partially  solved  as  follows:  Let  us  assume  that  an  increment  Ar  (n) 

SI 

appears  in  the  network  while  the  processing  of  another  change  is  taking 
place.  Since  the  changes  may  cause  opposite  results  we  may  decide  either 
to  implement  the  first  change,  or  to  wait  until  the  second  increment  is 
processed  and  Implement  the  results  of  both  changes  simultaneously.  It 
seems  clear  that  in  this  second  case  we  have  to  fix  a maximum  time  of 
response  to  a given  requirement  change,  otherwise,  if  too  many  incre- 
ments come  too  close  to  each  other  the  control  may  keep  waiting  until 
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the  "next"  change  is  processed  before  implementing  any  new  routing  thereby 
introducing  am  intolerable  response  delay  for  those  changes  that  arrived 
first. 


6.3  Change  of  Optimal  Basis 

In  Section  6.1  we  enumerated  the  causes  that  may  induce  a basis 
change.  In  this  section  we  will  study  each  one  of  them  separately,  with 
the  assumption  that  a central  control  is  in  command  of  the  network 
operation. 


6.3.1  A Slack  Between  Consecutive  Saturation  Levels  Becomes 
Negative  (I) 

This  situation  corresponds,  obviously,  to  the  case  of  a saturation 
level  first  coalescing  and  then  surpassing  the  next  higher  saturation 
level.  Suppose  that  because  of  some  requirement  changes  we  find 


0 0 


k+1 


< 0 


(6.3.1) 


This  means  that  level  k+1  can  now  use  links  of  S to  decrease  its 
saturation  level  a*+1.  Thus  in  terms  of  the  successive  saturation 
problem  we  have  to  solve  a new  k-th  level  problem,  since,  in  general, 
the  old  (k+1) -th  level  solution  will  not  be  optimal  for  the  new  k-th 
level.  To  solve  the  new  k-th  level  problem  we  need  a solution  of  the 
corresponding  (Je-l)-th  problem.  If,  we  assume  that  (6.3.1)  is  the  only 
reason  for  non— optimality,  oar  if  this  non- optimality  is  simultaneously 
caused  by  other  negative  basic  variables  belonging  to  saturation  levels 
lower  than  k-1,  then  the  present  solution  of  the  (k-l)-th  level  problem, 
existing  within  the  actual  optimal  basis  of  the  successive  problem,  is 


la. 


still  optimal  for  tha  new  requirement  vector.  Thus  the  corresponding 
existing  composite  saturation  matrix  that  includes  all  routing  variables 
and  saturation  slacks  up  to  level  k— 1 is  still  optimal,  observe  that  if 
one  does  not  have  a partition  of  F^*M  into  subsets  F^,...,  we  know. 
Section  5.6,  how  to  obtain  it.  Proceeding  in  this  way  and  assuming, 
for  simplicity , that  the  spanning  tree  flows,  remain  invariants  during 
the  whole  reoptimization  process  (we  will  study  later  on  in  this  chapter 
how  to  handle  changes  in  F^)  the  starting  tableau  of  the  new  k-th  level 
linear  programming  problem  will  be  Tableau  T.VI.II  below,  which  is  ob- 
tained from  Tableau  T.VX.I  by: 

• making  a1,  $2,  ...,  8k_1  and  the  elaawnts  of  b^ica 

BA 

e deleting  the  elements  of  fJ"1,  that  is,  all  the  elements  of 
(k-l)-th  level  optimal  tableau  with  positive  cost. 

e adjoining  the  column  corresponding  to  the  slack  variable  8*. 

In  Tableau  T.Vl.i,  the  matrix  - Cte-1)  ig  defined  ^ (5.5.23), 

is  given  by 


a1 

82 

e • e 

0*1 

F^ 

BA 

- 

i 

-k-1 

ewe 

cS=i 

BA 

where 


— k-1  A 
c _ ■ 


c(S  — ) 


(6.3.2) 


k is  a new  symbol  that  denotes  the  sequence  1 2...k.  All  the  P- 
aatrices  correspond  to  circuit  matrices  as  defined  in  Chapter  IV,  and 


(5.5.24).  thus  these  variables  can  ba  easily  obtained  from  (6.3.5).  It 
should  be  pointed  out,  as  we  did  In  Section  5.3  with  respect  to  the 
results  of  leama  5.3.2,  that  (6.3.5)  represents  a significant  reduction 
in  the  amount  of  confutation  relative  to  (6.3.4).  Note  that  (6.3.4) 
will  be  the  standard  computational  procedure  that  we  would  have  to  use 

V_1 

to  confute  bQ  with  a direct  application  of  the  revised  simplex 
method.  Thus,  (6.3.5)  is  another  illustration  of  how  the  structural 
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steps  of  the  solution  of  the  k-th  level  problem,  as  ve  shall  now  see. 

Ihe  first  operation  we  have  to  perform  in  T.VI.ii  is  to  make  8* 
basic.  The  link  of  S^-^-  that  will  became  non- basic,  i.e. , saturated 
at  the  k-th  level,  in  exchange  for  variable  6*  will  be,  according  to 
the  exit  rule  of  the  simplex  method,  the  link  a.  for  which  the  ratio 


a e 


(6.3.10) 


is  min  liman,  i.e.,  the  link  a with  the  highest-saturaticn  level.  The 
consequences,  with  respect  to  the  key  matrices  and  vectors  of  T.VI.lX, 
of  making  8*  basic,  will  be  the  following  (we  reorder  rows  and  bring  the 
row  corresponding  to  link  a immediately  below  s — ). 

• The  new  saturation  matrix  (we  will  call  it  Q-)  will  have 
one  more  column  (the  row  corresponds  to  link  a and  the 
colon  to  variable  8*) . The  corresponding  new  inverse  will 
be 


**  V 

(Q-) 


0 

T 

a 

_1_ 

c 

a 

where  we  have  left  the  column  corresponding  to  6*  in  the 
rightmost  position  for  simplicity  of  notation. 


(6.3.11) 


eThe  new  RHS  sub-vector  of  optimal  values  of  the  variables 
in  the  saturation  matrix  (which  we  will  call  6k)  will  be 


(6.3.12) 
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• The  new  RHS  sub-vector  of  the  value  of  the  slack  variables 
of  the  links  of  a,  call  it  b ^ , will  be 

s 

b*  - b.k_1  (a)  - c—  (I)  , (6.3.13) 

u c 

a 

where  v(a)  .means  vector  v without  the  component  corresponding 
to  link  a . 


e The  new  vector  of  link  dual  variables,  call  it  tt,  will  be 

-k.  k-1  , Lk-1  ,_k-l.  1 k-1  , -ll 

it  (S , a)  - hr  (s •)  - — G (ra),  — I 


(6.3.14) 


and. 


eThe  new  partial  cost  vector  for  the  variables  of  1 will  be 


~ k k-1.  1 -k-1  , , 

* (F0  > * ~ P0  (£a)  * 


(6.3.15) 


Let  us  now  manipulate  some  of  the  expressions  In  (6.3.11)  - (6.3.15) 
to  obtain  more  transparent  results.  First  we  have  from  T.VI.I  and  T.VI.XI 
that 


k-1  k-1  , k-1  -1 

G a -* (Q ) 


(6.3.16) 


But  from  (5.5.24)  and  (6.3.1) 


k-1  -k-1  k-1 , k-1  . -k-1  Jt-1 

G ■ c ir  (S ) - P — — H 

BA 


(6.3.17) 


The  row  of 


.k-1 


corresponding  to  link  a will  then  be 


.k-1.  , k-1.  k-1 , -k-1  , . Jc-1 

3 (ra)  - c it  (S ) - P— — (ra)  CP — 

a ba  — 


(6.3.18) 


— k-1 

where,  from  the  definition  of  the  P-matrices,  (ra)  is  the  vector 

k-1 

of  coefficients  of  the  circuits  of  r ■ — with  respect  to  link  a.  Therefore, 

BA 

k-1 

G can  be  obtained  from  the  composite  saturation  matrix  and  the  circuits 


-252- 


Je-1 


of  *bT  * ■ub*tit«ting  (6.3.18)  In  (6.3.14)  we  have 


as 


(s£±,  .)  - A.  [F^i(ra)n^,  -1]  . 


(6.3.19) 

With  respect  to  (6.3.15)  note  that  the  cost  vector  can  also  be  written 


(6.3.20) 


where 


S-  - s~  U a 


and 


(6.3.21) 


P* 

Tso 


pfc-1 

50 


-k-1  . . 

& 


Therefore  z k (pj"1)  can  be 


(6.3.22) 


easUy  obtained  from  (6.3.19)  and  a circuit 


rk-1 


“toiXf  without  having  to  coapute  P 

To  proceed  with  the  solution  of  the  new  Jc-th  problem  we  now  have 
to  look  for  elements  of  P^"1  with  negative  partial  cost,  as  given  by 

(6.3.20) .  Assuming  that  f£(n)  e p£”1  has  the  largest  negative  cost  in 

(6.3.20) ,  then  f^n)  will  become  basic  at  the  next  step.  To  find  the 
variable  that  must  leave  the  basis  we  have  to  obtain,  according  to  the 
exit  rule  of  the  simplex  method,  the  smallest  positive  ratio  between 
the  elements  of  the  updated  RHS(#)  and  the  updated  column  corresponding 

^Observe  that  fro.  (6.3.10),  (6.3.12)  and  (6.3.13),  Sk  > 0,  Fk>  o, 
so  that  RHS  0 and  we  can  apply  the  simplex  method.  ~ — 


to  f^ta).  Since  we  already  know  the  updated  RHS  we  have  to  canpute  the 

updated  version  of  the  column  corresponding  to  f . (n) . Let  p*”1  and  p^”1 

~ aa  xn 

denote  the  upper  and  lower  parts  of  this  column  in  T.VX.XX,  then  we  can 
write 


k-1  ,-k-l. -1 

Pin  (Q } 


-k-1 
Pin  " 


_ k-1  , . 

cr-(n) 


.k-1  k-1 

*—  Pin 


(6.3.23) 


where 

(n)  - C^(n)  n 


cj£i(n)  - C^tn)  D Sk~l 


«nd  C^(n)  is,  as  before,  the  circuit  generated  by  variable  f^(n). 

He  will  now  compute  the  updating  of  expressions  (6.3.23)  after  8* 
has  been  made  basic.  Since  new  we  have  one  more  saturated  link  the  upper- 
part-vector  will  have  one  component  more  and  the  lower-part-vector  one 
less  component,  if  p^  and  p^  denote  these  new  subectors  we  have 


~k 

Pin 


1 -k-1 
c Pin 

A 


B k 


-k-1 1 
Pin  " Pin  (a>  - — 


~k-l 

Pta  l*> 


-k-1 
c (a) 


(6.3.24) 


where  as  before,  v(a)  represents  the  subvector  obtained  from  v by  deleting 
the  component  corresponding  to  link  a. 

Next  we  have  to  look  for  the  smallest  positive  ratio  between  the 
elements  of  the  RHS  and  the  elements  of  (6.3.24).  we  will  assume,  for 
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CaseXa 


“ ' Vv)  « *1  • 


Here  variable  f^(n)  will  replace  variable  f^(v) ^ in  the  basis.  The 
consequences  of  this  exchange  of  variables  are  studied  below.  First 
we  have  a change  in  the  composition  of  the  two  important  sets 


fk  * - Vv>  * *i<-» 

*0^  * po'1  • ftto>  ♦ Vul 


(6.3.27) 


where  this  updating  symbolism,  which  will  be  used  extensively  below, 
means  that  the  new  value  of  the  quantity  on  the  left  is  obtained  doing 
the  operations,  with  the  old  values  and  quantities,  expressed  in  the 
right. 

Secondly,  we  have  a change  in  the  structure  of  the  saturation  matrix. 


where 


♦ 3“  + lCt-(n)  - ^-(v)]  10,. ..,0,1,0,.. .01 


fx+(v) 


(6.3.28) 


^-(a)  £ (^(m)  f)  3- 


(6.3.29) 


The  new  inverse  matrix  can  be  t— ■ dlately  obtained  from  the  old  inverse 


by  applying  Theorem  AI.3  of  Appendix  I to  expression  (6.3.28).  Observe 
that,  since  f^t a)  « r£  l,  the  dual  variables  of  problems  higher  in  the 
(•)  “ 

*ot*  * now  represents  a link  and  should  not  be  confused  with  the 
vector  of  dual  variables. 


1. 


■i  ' I M M — M 
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hierarchy  than  [i.e.,  the  rows  of  ($£■)  ^ corresponding  to  a\  32 , . . . , S^”^] 
will  not  change . On  the  other  hand  from  (5.5.24)  it  follows  that  the  new 
dual  variables  for  problem  k will  be 

TTk(S^)  - - (Q— )_1  (r0k)  + irk_1(§-),  (6.3.30) 

where  (Q^)  ~1  (r8k)  is  the  row  of  the  new  inverse  corresponding  to  variale 

0k.  He  could  now  use  (6.3.28),  (6.3.11),  (6.3.14)  and  (6.3.24)  to 

explieitely  write  (Q^O  ^ (rf^)  in  terms  of  previously  known  vectors.  In- 

~k  ~k 

stead  we  will  use  an  equivalent  and  simpler  form  for  tt  (S— ) . This 
equivalent  form  can  be  obtained  by  applying  the  basis  change  to  the  cost 
vector.  It  is  not  difficult  to  see  that  the  updating  of  the  dual  variables 
obtained  in  this  way  is  that  represented  in  (6.3.31) 

k k k k -v 

tT(§£)  <•-  iiK(§£)  + — — i - ft^(rXv),  (6.3.31) 

4(Xv) 

~ k ~v  „k  -1 

where  ft—  (rXv'  i3  the  row  of  ftp,  or  (Q--)  of  (6.3.11),  corresponding 

to  variable  f^(v).  Since,  from  (6.3.11) 

?£(rXv)  - [ft— (rXv),  01  (6.3.32) 

the  dual  variable  corresponding  to  link  a.  does  not  change,  as  should 
be  expected. 

Finally,  the  updating  of  the  RHS  is  also  easily  obtained,  using 
(6.3.26),  as  follcws: 

SkUv)  «•  bk(Iu)  - ^n^pJ^Av) , 

Sk(Xv)  Cto(Xv),  (6.3.33) 

Fk  * f - , 
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tm 


•vie 

where  b (Av)  means  vector  £ without  the  element  corresponding  to  variable 
f^(v),  and  £ (Av)  represents  this  element. 

Once  the  updating  is  finished  the  reopitmization  continues  with  the 
new  sets  and  values,  in  the  same  way  as  before.  Now  we  will  study  the 
case  when  u e L. 


Case  lb 

u - A e . 

In  this  case  f ^ (n)  replaces  link  A in  the  basis.  Thus  A becomes  a 
saturated  link.  Because  of  this  fact,  the  following  sets  will  change 
composition 


sk 


sk  + 


+ f^(n) » 


(6.3.34) 


0 0 


- f*(n>  . 


The  new  composite  saturation  matrix  will  have  one  more  row  and  one 
more  column,  i.e. 


(6.3.35) 


]g 

where  A(B  ) is  the  vector  of  coefficients  of  link  A for  the  various 
basic  variables,  i.e.,  A(B^)  ■ c^,  A(f. (m))  ■ +_  1,0  depending  whether 
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or  not  X e Cj Cm)  and  in  which  direction.  The  new  inverse  matrix  can  be 
readily  updated  from  the  old  inverse  by  applying  Theorem  A1.2  of  Appendix 
I.  As  in  case  la  the  rows  corresponding  to  variables  a1,  B2,  ...»  B*"1 
will  not  change,  except  for  one  zero  component  added  on  the  right.  To 
obtain  the  new  dual  variables  we  can  use,  again,  expression  (6.3.30). 

somewhat  simpler,  though,  to  obtain  an  updating  in  the  same  way 
that  (6.3.31)  was  obtained  before,  i.e.  by  making  the  cost  vector  reflect 
the  basis  change,  in  this  way  we  obtain  for  this  case 

[**(§£  ) + *k  G-(rX),  ifjjl,  (6.3.36) 


where 


Jc  *k<Vn)) 


*X  * ~k 


Pin™ 

and,  according  to  (6.3.18), 

G-(rX)  - c. **(§*)  - (rX)f£  . 


BA  - 


(6.3.37) 


(6.3.38) 


Finally,  using  (6.3.26),  we  can  also  obtain  the  following  updating  for 
the  RHS: 


Bk(ta>  . S*  - pL  ' 

b (\)  ~&(\1  - (6.3.39) 

x 

Sk(in)  «-  C|n(X)  . 

Ihe  reoptimization,  then,  continues  in  the  same  way  with  new  la  and 
lb  cases  until  z (p^  ) >,  0.  At  this  point  the  problem  is  solved  and 


: 3t 
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we  define  the  sets  corresponding  to  the  optimal  solution  as  follows: 

s"  , 


F^-  F* 
BA  rBA 


pj  + {fj(a)|zk(fj(»>)  - 0}, 


(6.3.40) 


etc. 


The  solution  to  problem  k+1  is  then  attempted, starting  with  these  k-th 
level  optimal  values,  in  the  same  way  as  for  problem  k. 

This  concludes  our  main  study  of  the  computation  required  for  basis 
changer  of  type  I;  there  are,  however,  seme  additional  comments  on  this 
type  of  reoptimization  that  deserve  mentioning,  and  we  will  discuss  them 
in  the  next  section. 


6.3.2  Further  Comments  on  Case  1 

As  we  said  at  the  beginning  of  Section  6.3.1,  Case  X refers  to  the 
reoptimization  induced  by  a saturation  level,  say  k+1,  first  coalescing 
with  and  then  surpassing  the  saturation  level  immediately  above  it.  As 
we  saw  there  this  reoptimization  involves  the  solution,  first,  of  the 
new  k-th  problem  and,  then,  of  the  remaining  problems  below  k.  In  Section 
6.3.1,  the  solution  of  the  k-th  problem  was  undertaken  starting  with  only 
that  information  provided  by  the  solution  of  the  (k-l)-th  level  problem. 
Note,  however,  that  to  solve  the  new  k-th  level  problem  we  might  also  be 
able  to  use  the  information  provided  by  the  old  (k+1)  problem.  Of  course 
the  variables  and  links  corresponding  to  the  old  (k+1)  level  solution 
are  not  optimal  at  the  k-th  level  because,  roughly  speaking,  there  are 


* 


third  inversion  procedure  introduced  in  Section  4.6,  and  thus  we  would 
have  all  the  hierarchical  implications  and  simplifications  studied  there. 


To  obtain  the  updating  on  the  dual  variables  we  can  use  procedures 

similar  to  those  of  Section  6.3.1,  or  use  Leona  5.5.4  instead,  in  order 

to  exercise  all  different  possibilities  we  will  briefly  described  now 

how  Lama  5.5.4  is  applied  hare.  Suppose  that  to  invert  §k  of  (6.3.41) 

we  use  Theorem  AI.l  of  Appendix  I and  we  break  the  inversion  process  into 

two  steps,  first  applying  the  transformations  to  bring  the  identity 

k-1 

to  the  place  where  Q is, and  secondly  applying  the  remaining  trans- 

formations to  bring  the  identity  to  the  whole  Qk  matrix.  The  first 

step  is  equivalent  to  making  a pivot  at  Q^,  i.e.,  to  making  a1,  g2, . . . ,0k"1, 

k-1  k 

Fjj-  basic,  and  will  transform  5 into  the  matrix  of  (6.3.42) 

(6.3.42) 

where 

X - (Q^O  ~1[0|  Py**1*  — ] , 

(6.3.43) 

Y-  [ck+1|pk+1]  - (k+1>  X . 

k+1  k-1 

Observe  that,  since  F^  C FQ  , the  first  k-1  rows  of  X will  be  equal 
k-1 

to  zero,  assuming  Q2 — ordered  as  in  (5.5.23),  and  do  not  have  to  be 
computed.  Furthermore  from  (5.3.6)  and  (5.3.8)  we  have  that  Qk  - y,  so 


-»a- 


thus  the  new  duel  variables  ere 


a*  . rsW-  JcOs-l)  =Wc  _ .. 

" " | » f 0|e*tf  OJ  | 


(6.3.45) 


(6.3.46) 


«**•»  i*  given  in  (6.3.44)  and  the  if*1,  i < k,  ere  obtained  using 
(5.5.20).  If  Py(k+1>  <^1  - 0 then 

Qk  » ' » (6.3.46) 

and  it  is  not  difficult  to  see  that  (6.3.45)  agrees  with  the  duel  variable 
relations  obtained  in  Section  4.6  for  inversion  Method  111. 

Finally,  we  have  to  update  the  BBS.  The  procedure  is  cc^>letely 
analogous  to  that  followed  in  case  Zb  of  Section  6.3.1,  equations 
(6.3.39),  except  that  now  instead  of  a single  link  A we  have  a collection 
of  links  Sk+1,  and  instead  of  a single  flow  variable  f^te)  we  have  the 
Mt  therefore,  instead  of  a scalar  £.U)  we  have  a vector. 


S v.. (sk+1)  - y”1  bk"l(sk+1)  , 


(6.3.47) 


wh,ra  fak  1(Sk+l)  is  the  vector  or  link  slack  values  for  the  Uptf  of 
_k+l 

S corresponding  to  the  optiswl  solution  of  (LP(k-l) ) that  has  been 
selected. 

to  additional  cosaent  with  respect  to  the  KBS  deserves  aentioning  at 


to  additional  cosaent  with  respect  to  the  KBS  deserves  aentioning  at 
that  point.  Since  in  tb#  previously  described  process  one  is  simultaneously 
making  all  the  variables  of  F^  basic,  without  previously  making  basic  the 
variables  of  it  aay  happen  that  sane  components  of  the  updated  rhs 
ended  being  negative.  In  this  case  the  problae  looses  priaal  feasibility 
and,  thus,  for  the  rsaaining  psrt  of  the  optimization , it 
also  looses  the  appropriate  structure  for  the  application 


*■*  »<.  . ;«fr 
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of  steps  la  or  lb  above.  Furthermore  it  can  also  be  expected 
that  some  of  the  previously  forbidden  alternate  paths  for  the  old  k+1 
problem  will  reduce  the  saturation  level  of  the  new  k-th  problem,  i.e. 
that  z^Cf^fn))  < 0 for  some  f^tn)  e F^  ^ H F*  . Thus,  we  will  be  in  a 
situation  where  the  new  solution  is  neither  primal  nor  dual  feasible.  To 
overcome  the  difficulty  that  these  unfeasibilities  state  for  the  use  of 
both  the  simplex  and  dual  simplex  method  we  can  use,  what  is  called, 
a "composite  algorithm”,  see  [24],  .44]  and  [45].  This  type  of  algorithm 
is  widely  used  in  computer  programs  to  avoid  the  alternate  utilization 
of  primal  and  dual  algorithm. 

One  of  the  basic  ideas  of  a composite  algorithm  consists  on  the 
parametrization  of  the  RHS , the  cost  vector  or  both.  Assume , for  instance, 
that  we  add  a parameter  6(j)  to  each  bNj)  < 0,  such  that  b^tj)  + 6(j)  > 0, 
then,  we  regain  primal  feasibility  and,  thus,  one  can  use  the  simplex 
method.  As  soon  as  we  reach  dual  feasibility  we  make  all  <5(j)  equal  to 
zero.  If  the  RHS  continues  to  be  positive  then,  the  solution  is  optimal 
if  not  we  can  apply  the  dual  simplex  method.  Note  that,  since  there  are 
no  more  flow  variables  with  negative  cost,  this  "dual  stage”  of  the  re- 
optimization will  increase  the  value  of  the  objective  function  obtained 
after  the  "primal  stage"  is  finished.  We  saw  in  Section  6.3.1  how  the 
basis  changes  and  updatings  take  place  when  we  use  a version  of  the 
revised  primal  simplex  method.  Following  a completely  parallel  pro- 
cedure we  could  explain  the  details  of  the  revised  dual  simplex  method 
applied  to  this  problem.  Since  we  showed  one  case  of  the  application 
of  the  dual  simplex  in  Section  6.3.3  we  will  not  make 


the  dual  parallel  study  here. 

The  approach  to  the  composite  algorithm  followed  in  this  Section 
is  based  on  the  self-dual  parametric  algorithm,  see  [24]  pag  245.  A 
slightly  different  approach,  where  one  does  not  have  to  parametrize, 
is  suggested  in  [44] , pag  85 . In  this  last  approach  the  negative  basic 
variables,  are  treated  as  artifical  variables  and  the  basis  exit  criterion 
of  the  simplex  method  is  extended  to  cope  with  negative  components 
in  the  RHS.  The  trouble  with  this  solution  is  that  if  a link  with 
negative  slack  has  to  be  brought  into  the  basis  the  pivot  is  made  at 
a negative  element  and,  therefore,  this  link  enters  the  saturation 
set  with  a positive  dual  variable  which  destroys  the  structure  of  the 
problem. 

Although  we  ar<  considering,  in  this  section,  the  wisdom  of  simul- 

taneously  entering  into  the  basis  all  the  variables  of  F„  , it  should 

BA 

be  pointed  out  that. depending  on  the  specifics  this  might  lead  to  more 

basis  changes  in  the  reoptimization  process  than  the  procedure  explained 

in  Section  6.3.1.  One  anticipates  that  one  case  where  this  situation 

can  happen  is  when  Isk|  » lsk+L],  since  then  the  number  of  new 

potential  alternate  paths  for  the  commodities  of  the  old  Rk+1  is  much 

bigger  than  in  the  old  (LPOckD)  problem,  and  this  fact  can  make  many 

k-tl 

of  the  old  paths,  i.e. , elements  of  F^  , not  "good  enough"  for  the 
new  k-th  problem. 

Finally,  we  want  to  point  out  an  interesting  case  of  this  type  I 

reoptimization  problem,  suppose  that  after  making  the  elements  of 

k+1  ' 

basics  at  the  new  k-th  level  problem  one  finds  out  that 
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z k(£)l(n))  >0  all  f^(n)  e F^u®*  * 

Hie  implication  is  that  all  the  alternate  paths  that  previously  were 
forbidden  to  the  old  0c+l)-th  problem  from  the  k-th  problem  solution 
were  not  of  any  help,  anyhow,  in  reducing  the  saturation  value  of  the 
old  (k+l)-th  level.  In  this  case,  for  the  new  global  optimal  solution 
the  variables  and  commodities  of  the  old  (LPk)  and  (I*P  (k+1) ) problems 
will  simply  exchange  positions  in  the  hierarchical  ordering.  The 
remaining  problems  remain  untouched  and,  thus,  the  only  change  in 
the  optimal  basis  of  the  entire  successive  problem,  i.e.,  that  cor- 
responding to  the  last  level  problem,  will  be  that  of  variables  B^ 
k+1 

and  B . of  course,  this  last  statement  is  true  only  if  the  change 
of  requirements  is  such  that  6*+1  < 0 was  the  only  reason  for  non- 
optimality  and,  therefore,  none  of  the  flow  variables  became  negative. 

6.3.3  A Routing  Variable  Becomes  negative  (II) 

Suppose  that  after  making  the  computations,  indicated  in  Section 
6.2,  to  accomodate  a given  requirement  change,  the  central  control 
observes  that  f^(n)  < 0,  for  soma  f^  (n)  B F^  . Then,  we  have  a 
negative  value  in  the  RHS  of  the  optimal  tableau  of  problem  (LPk) 
and  we  have  to  proceed  to  reoptimize.  According  to  the  dual  simplex 
method,  in  order  to  find  the  variable  that  should  replace  f^(n)  as 
a basic  variable,  we  have  to  look  for  all  the  negative  elements  of 
the  f, ^(n)  row,  i.e.,  row  in  in  our  terminology.  From  Chapter  V we 
know  that  none  of  the  variables  of  or  F*,  i»l,...,k-l,  can  be 
made  basic  at  the  k-th  problem;  thus  the  new  basic  variable  must 


belong  to  either  S or  PQ  , see  Section  5.6.  He  therefore  have  to  lode 

for  the  negative  elements  of  the  in-th  row  of  both  the  updated  matrix 

k-1  k 

corresponding  to  the  elements  . of  PQ  -p  (remember  that,  the  elements 
of  ,pk  are  drown  from  rt  S and  the  submatrix  of  (Q— ) 1 corresponding 

BA  v 

to  the  links  of  Sk.  To  help  in  the  following  deliberations  consider 
Tableau  T. VI. Ill  below,  obtained  from  T.VX.IX  of  Section  6.3.1  by  making 
0*  and  the  elements  of  pj^  basics,  while  the  links  of  Sk  became  nan- 
basic  or  saturated. 


S—  alB2  --8k 


BA  0 *BA 


k(k-l)  bk 

0 0 


f^(n)  < 0 


-Trk(S^ 


- k (k-1)  Hi 

V bo 

*k (Pk”^« Pk  1 
z (P0  gBA}  S0 


costs 


T.  VI. Ill 


Pram  this  tableau  and  the  structure  of  matrix  (QH  , see  (5.5.24),  we 
can  write  for  the  £a-th  row  of  matrix  p£-  ' , 


Jc  (k-1) 


(rin)  - (A'1(rttl)p^k‘1)  - fl^(r£n)p^k“l) , (6.3.48) 
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where  ■ST*  is  the  matrix  of  reduced  circuits,  for  the  variables  of 

v-1  jc  v 

F0  " fba'  with  respect  to  the  links  of  S~.  The  element  of  (6.3.48) 
corresponding  to  variable  f (m)  will  then  be  given  by 


Jc(k- 
*0 


l)(in,jm)  - ^(rin)Cj(m),  all  f (m)  e P^"1  - p^  . (6.3.49) 


In  order  to  find  the  variable  that  will  enter  the  basis  we  can 
compute , according  to  the  dual  simplex  method,  the  ratio  of  the  negative 
elements  of  the  in— th  row  and  the  negative  value  of  their  respective 
partial  costs,  and  pick  the  ratio  with  the  smallest  value.  From  Section 
5.6  we  have 


z*  (m)  - -irk^Cj(m)  f all  f (m)  e F*”1  - p^  , 


(6.3.50) 


and 


**  - -n*  all  j e Sk. 


Thus  we  have  to  compute 


Cj(in)  - -r — * , all  j e Sk  s.t.  (£(Zn,j>  < 0, 

3 flRJln,j) 


(6.3.51) 


Jc 

Sm(ln>  " jTT ' "Jt ' a11  f,<®>  e - Fk 

3 l£(rfn)  Cj-  (m)  3 0 BA 

s.t.  (£(rin)Cj(m)  < 0. 

If  U^(£n)}  and  {^n<in)}  are  the  set  of  elements  defined  in  (6.3.51) 
we  have  to  obtain 
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^(to)  - min  {^(to),  £ (to)}  > 0. 

j J®  ~ 


(6.3.52) 


We  new  study  the  possible  subcases  that  one  might  have  depending 
on  the  set  to  which  5*  (to)  belongs. 

Case  Ila  (to)  ” ^(to),  for  some  a e S 

In  this  case  link  a will  become  basic,  i.e. , unsaturated  so 
~k  k „ic  v 

S ■ S - a and  F_.  » F_.  - f. (n)  . In  terms  of  the  saturation  matrix, 

BA  BA  l 

Q— , the'  row  corresponding  to  link  a and  the  column  corresponding  to 
variable  f^(n)  will  be  lost.  The  new  inverse  matrix  cam  be  obtained, 
from  the  old  saturation  matrix,  by  means  of  Theorm  AI.2  of  Appendix  I. 
Using  this  theorem  we  can  write 


(fi£)  * » lQ^(ra,  cto)  J 1 » (Q^)  ^■(rto^  ca)  - 


(6.3.53) 


_ (A~1(ca-to)  (A~1(£to-a) 

(Q^r^to,*) 


b MB  mOTM 

where  £*-(ra,cto)  denotes  matrix  Q—  without  row  a and  column  to  (similarly 

for  (Q^)  ^(rto,  ca)),  and  (Q^)  *(rto-a)  denotes  the  to-th  row  of  (Q^-)  1 

k -1 

without  its  a-th  component  (similarly  for  (g--)  (ca-to)).  From  (6.3.53) 

we  see  that  the  matrix  updating  is  relatively  simple.  In  particular  the 
new  vector  of  dual  variables  will  be 


~kk  kk  _k  (£(r£n-a) 

ir  - - ir  -(a)  - tt  l * 

a flRto,a) 

f 


(6.3.54) 


(*) 


Here  tilde 


characterise  the  new  vectors  and  variables. 
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](Jt  — — jgj*  j. 

where  it  — (a)  denotes  vector  it  — without  conpanent  ir . 

To  check  if  this  new  basis  is  optimal  for  (LPk)  we 
the  new  value  of  the  routing  variables.  If  b*  was  the 
the  new  one  will  be 


~k  k — b£(to> 

b a b (in)  - — 

0 0 1 ft*n,a> 


(Q“)  1(ca-in)  , 


have  to  compute 
old  vector  value. 


(6.3.55) 


k — k 

where  bQ (in)  denotes  column  bQ  without  the  element  corresponding  to  f^(n), 

)(  "T. 

and  bQ(in)  is  this  subtracted  element.  If  bQ  > 0 the  basis  is  optimal; 

if,  on  the  other  hand,  there  is  some  negative  element  in  bb  we  have  to 

(*) 

continue  the  reoptimization  . Once  we  reach  a new  optimal  basis  we 
have  to  check  whether  or  not  the  lower  levels  are  still  optimal,  and  in 
the  latter  case  continue  with  the  reoptimization  according  to  the  steps 
presented  in  Sections  6. 3. 1-2. 


Case  lib  cN&i)  - 5_..(*tt),  for  some  f _ (v)  e F*  CP^'1  - F*_ . 

~ «v  a + U SA 

In  this  case  variable  f (v)  becomes  basic,  i.e.  nonzero  and  displaces 

jg  J. 

f^(n)  from  . in  terms  of  matrix  Q— , its  JLn-th  column  will  be  replaced 
by  column  C— (v) , that  is, 

A 


m + (C*(v)  “ 0^(£^n)]  (0,0, 


Using  Theorem  AI.3  of  Appendix  I 


•0,1,0, 

“t 

In 


.0]. 


(6.3.56) 


(ft*1 


(ft)"1 


jft-jijftrin) 

l + jftr£n)u 


(6.3.57) 


(*)  12  k 

The  first  k elements  of  b , which  correspond  to  a , 6 , ...»  0 , are 

clearly  positive  and  do  not  have  to  be  computed  for  this  checking 
operation . 


I 1 HH ■ 


where 


u - ICj<\»  - Q^(c£ft)J  . 

w®  check  whether  or  not  the  new  basis  is  optimal  for  (LPk)  by 
computing,  similarly  to  (6.3.55), 


jt  Jt  — V*«)  . 

0 - bQ(ln)  - jr  (qJ)  (r£n)  Cj(v)  , (6.3.58) 

P+(*n,  av)  * 

where  P+  is  the  sufamatrix  of  P-j-(k  15  corresponding  to  Fk  , the  remaining 
notation  is  explained  in  (6.3.55).  The  consents  made  at  the  end  of  Case 
Ila  are  also  valid  for  this  case.  Note  also  that  the  updating  equations 
(6. 3.57)- (6.3.58)  are  again  rather  simple,  since  <£(v)  and  u are  graph- 
related  matrices.  From  (6.3.57)  and  (6.3.50)  we  can  write  for  the 
new  dual  variable  vector 


1* 


z*(v) 

cL 

Pk(in,av) 


j£(rin)  . 


(6.3.59) 


£*(£«)  ■ C (in), for  seme  f (v)  e Fk  ■ Fk”*  - Fk  -Fk 
av  a 0 0 BA  + * 

This  case  is  completely  equivalent  to  lib  except  that  now  *k(v)  - 0 
and  thus  Bk  - Sk  and  rr^  • 

6.3.4  Further  Consents  on  n*«m  tt 

Suppose  that  after  a basis  losses  optimality,  reoptimization  is 
achieved  via  a sequence  of  basis. changes  all  of  which  fall  under  category, 
01  t^>*'  **  none  of  the  links  of  sk  has  become  basic,  then  the 

reoptimization  consists  just  of  a exchange  of  elements • between  sets 
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Section  3.6  end  (4.2.42),  we  know  that  we  do  not  need  to  carry  the  bottc 

or  commodity,  part  of  the  constraint  matrix  throughout  the  optimization 

in  order  to  detect  when  a spanning  tree  flow  variable  beoaea  negative. 

Furthermore  we  know,  fro.  Theorem  3.5.1,  that  since  any  solution  must 

contain  the  flows  of  a spanning  tree  for  every  destination,  we  must  be 

able  to  replace  a negative  flow  on  the  spanning  tree  by  seme  other  flow 
_k 


of  sane  set  F^  and  obtain,  again,  a complete  spanning  tree  for  the  cor- 
responding destination,  it  may  happen,  though,  that  no  flow  variable 
exists  among  the  alternate  path  of  that  coamodity,  which  will  complete  . 
spanning  tree,  in  this  case,  from  Theorem  3.5.1,  there  is  a non-basic 
flow  that  must  be  made  basic  and  inserted  in  the  spanning  tree.  This 
flew  can  be  easily  obtained  by  checking  the  cost  of  all  flows  corresponding 
to  the  links  leaving  the  origin  node  of  the  coonodity.  Thus  we  see  that 
if  f^Cn)  < o,  where  l e T(n),  we  can  have  two  posibilities. 


Case  Ilia,  f^n)  e f£^. 


1 £ k < m,  and  o(a)  ■ o(i). 


in  this  case  fa(n)  joins  the  set  F^  and  F^  looses  one  element. 

In  order  to  keep  a proper  saturation  matrix  we  must  also  drop  a link 

from  S . To  find  that  link  consider  the  generalization  of  matrix  (4.2.21) 

to  problem  (Uk) . If  of  1.  th.  .Ob-trim  b.1-  s"  corr-poolio,,  to 

commodity  n,  then,  f£(n)  will  be  associated  with  a row  of  of,  say 

G^c(r(o(£),  n))  (remember  that  there  is  a row  of  for  each  node 

that  can  communicate  with  node  n.)  since  f^n)  is  leaving  the  basis 

we  have  to  make  a pivot,  according  to  the  dual  simplex  method,  at 
kk  ^ 

some  element  of  G-  (r(o (Z) ,n) ) , where  each  such  element  corresponds,  as 
we  said  before,  to  a link  of  Sk.  Since  we  know,  from  (4.2.23),  that 


3 


where  9^  is  defined  in  (4.2.24),  the  process  of  finding  the  pivot  element 

and  making  the  appropriate  updating  is  completely  similar  to  what  we  did 

in  Section  6.3.3,  so  we  will  not  repeat  it  here.  Observe  that  case  ZZZa 

v 

corresponds  to  a case  where  matrix  Q—  looses  one  row  and  one  column,  so 

that  we  can  apply  Theorem  AZ.2  of  Appendix  Z.  Observe  also  that  instead 

of  the  updating  derived  from  that  theorem  we  could  perform  an  updating 

_ Jc 

derived  from  the  fact  that  the  columns  of  P^,  corresponding  to  variables 
of  the  type  f^(n),  will  change  because  the  spanning  tree  T(n)  has  changed 
structure.  Although  both  updatings  are  equivalent  it  seems  that  the 
first  one  will  involve,  in  general,  a smaller  amount  of  confutation. 


Case  ZZZ  b.  There  is  no  f (n)  e F__  . 1 < k < M.  s.t.  o(a)-  • oil) 
—————  a ba  — — 

In  this  case  a nonbaslc  flow  has  to  be  made  basic.  This  corresponds, 
according  to  the  generalization  of  matrix  (4.2.21)  to  problem  (LPk) , to 
making  a pivot  at  some  element  of  the  row  of  matrix  corresponding  to 
variable  fQ (n) . All  comments  made  to  case  ZZZa  pertain  here  also. 


6.4  An  Algorithm  to  Solve  the  Successive  Saturation  Problem 


Although  the  most  important  details  of  a possible  algorithm  to 
solve  the  successive  saturation  problem  have  already  been  discussed 
in  previous  chapters  and  sections,  especially  Section  6.3,  we  will 
summarize  here  the  main  steps  of  such  an  algorithm. 
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I.  Select  a set  of  spanning  trees,  one  for  each  desti- 
nation. A logical  starting  choice  will  be  the 
spanning  trees  with  a minimus  nwber  of  brandies 
between  each  source-destination  pair,  observe  that 
this  is  a well-defined  set  of  trees. 

XI.  Solve  problem  (LPk) , starting  with  k - 1 and  continuing 
in  increasing  order  of  k,  according  to  the  procedure 
explained  in  Section  6.3.1. 

XXI.  After  step  XX  is  completed  for  a given  k check  if  either 
the  solution  is  unique  or  else  FQ  is  empty.  If  this 
is  the  case  the  algorithm  stops,  otherwise  make  k * k+1 
and  repeat  step  XX. 

New  we  will  sake  some  general  comments  applicable  to  this  solution 
algorithm: 

a)  Xt  is  well  known  already  that  the  candidates  to  become 

v 

members  of  the  set  F^,  at  the  k-th  level  problem,  are 

the  elements  of  F*  * (see  Section  5.6).  The  decision 

that  chooses  an  element  of  F to  become  part  or  not 
k 0 

of  Fg^  is  based  on  the  total  distance  of  the  circuit 
of  the  candidate  element  with  respect  to  the  assignment 
corresponding  to  the  actual  set  of  k-th  level  dual 
variables.  Several  points  deserve  mention: 

ai)  For  the  decision  test  mentioned  above  one  can  use 

any  valid  distance  assignment  as  described  in  Section 
5.4.  If  we  restrict  our  search  of  candidates  to 
the  elements  of  F*  then  the  distance  assignment 
does  not  have  to  be  nonnegative  and  we  can  use  the 
opposites  of  the'  dual  variables , or  any  normalized 
integer  version  of  them,  as  a valid  assignment. 


all)  Every  time  we  add  a variable  to  F^,  or  change  its 

structure,  we  have  to  update  the  set  of  dual  variables 
and/or  the  distance  assignment. 

aiii)  For  a given  distance  assignment  the  search  for  circuits 
with  negative  total  distance  can  be  undertaken  via  two 
equivalent  but  complementary  procedures:  an  analytic 
or  a synthesis  procedure.  The  analytic  procedure 
look  for  elements  of  F*”*  ~ with  negative  distance. 
The  synthesis  procedure  look  at  the  spanning  trees  and 
tries  to  find  hew  we  can  close  a circuit  in  such  a 
way  that  the  total  distance  is  negative,  i.e. , in  such 
a way  that  we  traverse  the  links  with  larger  weights 
in  the  negative  direction.  Clearly  the  convenience 
of  me  method  or  the  other  will  depend  on  how  many 
elements  the  set  F*”1  has. 


aiv)  The  decision  to  work  with  set  or  with  the  total 

set  of  flow  variables  trill  depend  on  the  nmber  of 
k-1 


el 


tf-S£  F' 


of  F - E f; 
i-1 


relative  to  the  number  of  elements 
2^.  In  some  cases,  rather  than  storing 

a very  large  set,  it  can  be  more  convenient  to  apply 
the  shortest  route  criterion  many  time  over  and  over, 
since  there  already  exists  vary  efficient  methods 
for  implementing  this  criterion  [11] , [35] , [47] ) . 


b)  If  after  solving  problem  (LPk)  the  corresponding  basic  solution 
is  nonminimal,  one  should  look  for  a miminal  solution,  see 
Sections  3.2  and  5.6.  If  all  solutions  are  nonminimal  we 

then  apply  Lean  5.6.1. 

c)  Once  a set  of  spanning  trees  has  been  chosen  we  can,  in 
principle,  forget  about  the  commodity  part  of  the  constraint 
matrix  and  work  exclusively  with  the  upper  part  of  the  matrix, 
which  involves  only  link  slack  and  flow  variables , see  (4.2.21) 


Sine*  the  flows  on  the  spanning  trni  can  ba  obtained  by 
subtracting  the  amount  of  flew  in  the  alternate  paths, 
of  a given  comodi ty,  from  the  total  requirement  of  that 
coBDodity,  see  (3,6.3),  we  can  easily  detect  when  a 
flew  on  a spanning  tree  is  negative.  As  soon  as  this 
fact  is  detected  we  proceed  as  indicated  in  Section  6.3.5. 

d)  The  only  differences  in  the  solution  procedure  of  two  dif- 
ferent level  problems  are  in  the  sire  of  the  acting  basis 
[which  from  problem  k to  problem  k+1  increases  by  | S^J  3 , 
and  in  the  number  of  active  variables,  which  decreases  from 
Fq’1  for  problem  (LPk)  to  1 . F^  - F*  for  problem 
CLP (k+1) ). 

In  general  we  can  say  that,  since  the  problem  has  a Virtual  working 
basis  whose  dimension  is  the  number  of  saturated  links,  instead  of  the 
rank  L+NCN-l)  of  the  constraint  matrix,  the  algorithm  does  a very  good 
job  in  reducing  the  size  of  the  actual  working  basis.  Furthermore, 
the  use  of  a form  of  the  revised  simplex  method  together  with  the 
simplifying  rules  that  follow  from  the  structure  of  the  problem,  should 
save  a great  deal  of  computation.  In  a large  scale  problem  all  these 
reductions  and  simplifications  can  be  very  important. 

Finally,  we  want  to  point  out  a problem  that  might  occur  when 
applying  the  algorithm  dynamically.  Since  every  time  we  change  basis 
we  are  changing  linear  region,  as  defined  in  Section  3.2,  we  might  be 
faced  with  the  case  where  the  problem  is  moving  through  a cluster 
of  small  linear  regions,  thus  provoking  very  frequent  changes  of  basis. 
It  seems  clear  that  in  these  cases  it  can  be  better  to  perform  sub- 
optiamlly  than  to  track  the  optimal  solution  through  this  set  of  small 
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regions.  Two  mechanisms  can  be  envisaged  to  reduce  those  too- frequent 
changes  of  basis:  \ 

X)  Do  not  start  a basis  change  until  sane  variable  surpass 
a given  negative  threshold. 

XX)  Do  not  implement  changes  that  lead  to  an  optimal  basis 
whose  linear  region  is  smaller  (in  surface  or  in  max 
and  min  radius,  for  instance)  than  a preestablished 
value.  The  shape  of  the  linear  region  corresponding  to 
an  optimal  basis  is  very  easy  to  compute  and  it  is 
usually  reported  by  couaercially  available  computer 
packets  (146],  pg.  106). 

Xt  should  be  clear  that  these  two  mechanisms  can  be  used  only  if 
they  do  not  lead  to  suboptimal  solutions  that  are  not  implementable , 
due  for  instance  to  the  violation  of  a capacity  constraint.  A detailed 
study  of  these  points  is  left  for  further  research. 

Other  areas  of  further  research  concerning  this  algorithm  should 

be: 

• Criteria  to  choose  the  initial  solution  (we  already  mentioned 
a possible  one  at  the  beginning  of  this  section) ; 

• Running  time; 

•Dynamic  tracking  characteristics  and  performance  (we  pointed 
out  before  some  problems  that  may  appear  in  the  dynamic  case) ; 

•Length  of  code;  etc. 


-■f-  ■ . . 

CHAPTER  VIZ 


CONCLUSIONS 

7.1  Si’m""»yy  of  Important  Results 

As  we  said  in  Chapter  I the  main  object  of  this  thesis  was  to 
nht»ln  new  insight  into  the  problem  of  dyanmic  routing  in  data  networks 
and,  in  particular,  to  study  how  one  can  effectively  exploit  the  structure 
of  the  network  as  determined  by  the  graph  supporting  the  network.  To 
achieve  these  goals  we  used  a minimax  abjective  function  which  divides 
the  optimization  problem  into  a layer  hierarchy  of  linear  programs. 

At  each  layer  of  this  hierarchy  we  minimize  the  maximum  saturation  level 
of  those  links  whose  level  has  not  been  already  fixed  by  a previous 
layer.  This  minimization  is  done  under  the  constraints  that  we  cannot 
increase  the  saturation  level  of  links  whose  maximum  saturation  level 
was  already  minimized  by  a previous  layer.  Thus  the  optimal  solution 
space  of  each  layer  is  a subspace  of  the  optimal  solution  spaces  of  upper 
layers.  The  solution  obtained  at  each  level  specifies: 

e a collection  of  links  with  common  saturation  level 

• A collection  of  allowable  paths  that  balance  the  satura- 
tion level  of  the  saturated  links  without  increasing  the 
level  of  previously  saturated  links , and 

e A collection  of  paths  that  cannot  be  used  without  in- 
creasing the  level  of  seme  of  the  saturated  links. 

One  important  result  of  the  thesis  is  that  we  can  describe  the 
set  of  allowable  paths  at  each  level  by  a nonnegative  distance  assign- 
ment to  links  and  the  shortest  .touts  criterion.  This  distance  assign- 
ment is  non-unique.  In  fact  every  level  or  layer  introduces  a new 
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degree  of  freedom  in  the  determination  of  the  valid  assignment  by  means 

of  a new  ray  defined  in  a subspace  of  the  optimal  dual  space  of  its 

linear  program.  All  rays  defining  valid  assignments  can  be  described  in 

terms  of  the  link  dual  variables  of  the  various  layers  already  optimized. 

Furthermore  these  rays  can  also  be  described  by  integer  vectors,  thus, 

providing  an  integer  distance  assignment  to  define  the  allowable  paths. 

Since  the  dual  variables  are  a function  of  the  capacities  of  the  saturated 

links,  whenever  those  capacities  are  irrational  we  would  obtain  a set  of 

irrational  numbers  as  our  collection  of  dual  variables.  But  the  integer 

description  of  the  rays  allow  us  to  obtain  from  these  dual  variables  an 

integer  distance  assignment  to  links  that  describes  a set  of  allowable 

paths  for  a network  independently  of  the  (irrational)  link  capacities. 

Furthermore  if  ( S1 | is  the  number  of  saturated  links  at  level  i we  can 

k 

find  distance  assignments  for  level,  say,  k with  at  most  £ |s|  nonzero 

i«l 

link  distances.  Since  from  Theorem  5.6.2  not  all  links  of  a network  can 
be  saturated  we  can  describe  the  allowable  paths  of  an  optimal  solution 
of  the  global  problem  by  means  of  an  integer  distance  assignments  to  links 
where  some  links  will  have  zero  distance. 

Another  important  result  of  the  thesis  is  that,  given  the  collection  of 
allowable  paths  for  level  k and  the  collection  of  saturated  links  for  all 
levels  i proceeding  level  k,  we  can  obtain  with  a relatively  small  amount 
of  effort,  the  updated  constraint  matrix  and  optimal  basis  inverse  for 
the  linear  program  of  level  k.  This  result  is  important  mainly  from  the 
reoptimization  point  of  view, when  our  present  solution  loses  optimality 
due  to  requirement  changes,  since  we  do  not  have  to  store  the  optimal 
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basi-a  Inverse  or  constraint  matrices.  Furthermore,  the  procedure  to 
obtain  these  matrices  allows  us  to  obtain  any  particular  element,  row  or 
column  with  a minimal  amount  of  computation.  The  amount  of  computation 
required  is  much  less  than  the  amount  we  would  have  needed,  for  computing 
that  element  or  vector,  via  a pivoting  process  or  ordinary  linear 
programing  matrix  calculations.  The  reason  is  that  we  have  many  properties 
in  our  problem  that  can  be  used  to  simplify  and  save  computation . 

(fee  of  the  most  important  properties  in  this  sense  is  derived  from 
the  concept  of  saturation  matrix.  There  is  a saturation  matrix  for  every 
level  where  the  saturation  matrix  for  level  k is  an  \^\  x |sk|  square 
that  has  a column  of  capacities  corresponding  to  the  links 

k 

of  S and  whose  remaining  columns  are  0,  + 1 vectors  corresponding  to 
the  alternate  paths  for  problem  k.  the  important  aspect  of  these 
saturation  matrices  is  that  they  have  ail  the  relevant  information  con- 
cerning the  solution.  All  remaining  data  concerning  the  current  opera- 
ting point  can  be  obtained  frcm  the  inverse  of  these  saturation  matrices 
and  graph  related  matrices.  Thus  the  only  non-graph  operation  involved 
with  the  optimization  process  is  the  inversion  of  a collection  of 
Is* | x Is* I matrices  with  0,  + 1 elements. 

In  conjunction  with,  this  statement  we  point  out  that  a result 
(closely  related  to  the  independence  of  the  distance  assignment  rays  with 
respect  to  capacity  values)  obtained  in  Chapter  IV  allows  us  to  work 
for  most  purposes  with  a capacity  normalized  matrix,  in  which  all 
capacities  are  equal  to  one.  pCttly  when  we  need  the  actual  values  of 
the  dual  variables  or  we  have  to  work  with  the  RHS  do  we  have  to  use 
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the  unnormalized  matrices.  It  turns  out  that  we  can  obtain  the  inverse 
of  the  unnormalized  saturation  matrices  from  the  inverse  of  the 
normalized  matrices,  and  vice  versa,  by  just  multiplying  the  correspond- 
ing matrix  by  another  matrix  easily  obtained  from  the  dual  variables . 
Furthermore  the  normalized  and  unnormalized  dual  variables  are  also 
very  simply  related,  because  they  belong  to  the  same  ray. 

Finally , we  mention  that  all  these  results  can  be  used  to  simplify 
the  reoptimization  process.  Reoptimization  can  be  divided  into  two 
different  types.  One  type  is  where  the  present  optimal  solution  r,xr> 
absorb  a given  requirement  increment  without  changing  optimal  basis. 

The  other  type  is  where  a change  of  optimal  basis  is  required.  The  first 
type  of  reopimization  is  very  simple  to  handle,  and  in  fact  allows  us 
to  envisage  a possible  decentralized  scheme  to  control  the  evolution 
of  the  optimal  point  within  regions  that  do  not  require  a change  of 
optimal  basis.  The  second  type  of  reoptimization  is  more  complicated, 
but  can  also  be  undertaken  with  great  savings  in  computations  thanks 
to  previous  results.  In  this  sense  the  task  of  finding  elements  that 
have  to  leave  or  enter  the  basis  can  be  associated  with  the  task  of 
finding  the  total  distance  of  some  paths  of  the  network  for  a given  set 
of  link  dual  variables . The  updating  process  involved  with  a change 
of  basis  is  also  very  simple  since  only  the  saturation  matrices  in- 
volved with  a given  change  have  to  be  updated.  All  these  facts  lead 
us  to  propose  what  we  expect  will  be  an  efficient  algorithm  to  solve 
the  sequence  of  linear  programs  for  a given  requirement  vector. 
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7.2  Areas  of  Future  Work 

Many  additional  areas  of  research  appear  to  be  ready  for  further 
investigation . 

One  important  point  for  future  study  concerns  the  efficiency  of 
the  proposed  algorithm  for  solving  the  successive  problem  ' ' , and 
comparing  it  with  other  existing  centralized  routing  algorithms.  An- 
other important  area  for  future  research  is  possible  decentralized 
schemes  that  could  be  derived  from  the  routing  procedure  used  in  this 
thesis.  We  have  already  pointed  out  that  for  regions  that  do  not  require 
a change  of  optimal  basis  there  exists  a natural  and  simple  decentralized 
scheme.  The  main  problem  arises  when  we  try  to  extend  this  decentraliza- 
tion to  the  case  where  a change  of  optimal  basis  is  required. 

Finally  a third  area  of  future  research  is  the  area  of  topological 
designs  that  simplify  routing  operations.  We  expect  that  the  explicit 
appearance  of  graph  related  matrices  in  our  problem  formulation  can 
contribute  to  the  opening  of  this  area. 


! 


i 
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APPENDIX  I 
SOME  MATRIX  RESULTS 

In  this  appendix  we  sumnarize  most  of  the  results  and  theorems  of 
matr^J£  analysis  used  in  this  thesis.  References  for  proofs  are  [39] 
and  [40] . 

A1-1  Elementary  Matrix:  Is  the  matrix  which  results  when  an 
elementary  row  (column)  transformation  is  applied  to  the  identity  matrix. 
We  can  have  the  following  elementary  matrices: 

matrix  I with  rows  i and  j interchanged 

matrix  I with  k instead  of  1 in  the  i-th  diagonal 
position?  corresponds  to  multiplying  the  i-th  row 
by  scalar  k 

matrix  obtain  from  I by  adding  to  the  elements  of 
the  i-th  row  k times  (k  scalar)  the  elements  of  the 
j-th  row 

If  previous  transformations  are  made  with  columns  instead  of  rows 
we  have  another  collection  of  elementary  matrices  that  will  be  denoted 
by  tTj , fT  (k)  and  £_  (k) . 

a)  The  effect  of  applying  an  elementary  transformation  to 
matrix  A can  be  produced  by  multiplying  A by  an  ele- 
mentary matrix:  on  the  loft  by  H and  on  the  right  by 
H. 

b)  The  inverse  of  an  elementary  transformation  is  an 
elementary  transformation  of  the  same  type,  in  parti- 
cular 


H.  . 

Hi  (k) 


V10 


(AI-1) 
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H?1  = 

3-3 

H.  . 

3-3 

H._i  = H . 
3-3  3 

h"1 (k) 

= Hi(lA) 

H*1  (k) 

HTL(k) 

3-3 

• “ij 

S’1  (k) 

Hi(l/k) 

H. . (-k) 
3-3 


c)  Every  non-singular  matrix  can  be  expressed  as  a product 
of  elementary  matrices. 

d)  An  elementary  transformation  does  not  alter  the  rank  of 
a matrix 

e)  Two  matrices  A and  B are  called  equivalent,  A - 3, 

(row,  column  equivalent)  if  one  can  be  obtained  from 
the  other  by  a sequence  of  elementary  transformations 
(row,  column  transformations) 

A - B —>  A = HBH  (Al-2) 

where  H is  a product  of  row  elementary  matrices  and  H 
a product  of  column  elementary  matrices.  If  H and  IF 
are  obtained  from  elementary  matrices  with  k = + 1,  then 
H and  H will  be  called  unitary  or  unimodular  elementary 
transf ormations . 

f ) Two  matrices  of  the  same  dimension  and  rank  are  equivalents . 


AI.  2 Inverstion  Methods  and  Related  Issues 

Theorem  AI.l 

If  matrix  A is  reduced  to  ar,  identity  matrix  by  a sequence  of 
row  transformations  alone,  then  A ^ is  equal  to  the  product  in  reverse 
order  of  the  cooresponding  elementary  matrices.  Or,  in  other  words, 
if  the  extended  matrix  (AI)  is  transformed  into  (IB)  by  a sequence 
of  row  transformations  then  B = A-1. 
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Theorem  AI.2 

L«t  AB  - BA  ■ I.  If  we  partition  A and  B as  follows 


*11 

(am) 


A21 

(mm) 


*12 

(mm) 


22 

(men) 


"11 

(mm) 


"21 

(mm) 


12 

(mm) 


22 

(nxn) 


then,  provided  A^  is  nonsignular. 


BU  " *11  + (*11*12>5  (A21A11) 


B12  " "(A11A12)5 


B21  " (A21A11} 


B22  " 5 


A-1  *12  *21 
11  B22 


where 


^ " *22  “ *21  **11*12  * 


Theorem  AI,3 


A - B + uv* 


A * ■ B 1 - Xy*T  , 


where 


-1  T T -1 

- B u,  * m vr8  A, 


All . 1 Introduction 


From  section  3.4  we  know  that  there  exists  an  integer  assignment 
of  distance  to  saturated  links  that  characterises  the  allowable  paths 
for  an  optimal  solution  of  (LP1).  In  fact,  since  sets  S1  and  {ir*}  are 
unique  at  a stable  point,  we  can  say,  for  a non-unique  optimal  solution 
of  (LPl) , that  the  distance  assignment,  as  defined  in  Theorem  3.4.3, 
characterize  the  allowable  paths  for  an  optimal  solution  obtained  as 
a convex  combination  of  all  basic  optimal  primal  solutions. 


He  also  saw  in  Section  3.4,  Lemma  3.4.5,  that  there  are  an  infinite 
number  of  assignments  to  links  of  that  can  characterise  a given  set 
of  allowable  paths,  and  we  proved  that  all  these  assignments  must  lie 
on  a given  ray.  Because  of  this  fact  we  made  the  assumption,  which  we 
will  call  here  the  assignment  assumption,  that  whenever  we  refer  to  an 
integer  distance  assignment  we  assume  that  this  assignment  corresponds 
to  the  smallest  integer  point  of  the  ray.  If  we  refer  to  a ray  as  a 
class  of  assignments  then  the  smallest  integer  point  of  the  ray  will 
be  the  representative  of  its  class.  Also,  since  in  this  appendix  we 
shall  study  valid  sets  of  integers  that  can  be  distance  assignments, 
the  internal  ordering  of  elements  within  9 is  irrelevant. 

At  this  point  there  are  several  questions  one  could  naturally 
ask  regarding  integer  assignments.  For  instance:  Given  a set  of 
integers  how  could  we  check  if  they  can  correspond  to  an  optimal  solution 


1 


of  same  (1P1)  problem?  Is  there  any  bound  on  the  largest  Integer  link 
distance  that  could  be  needed  to  describe  an  optimal  solution  over  a 
network  with  L links? 

We  will  answer  these  questions  here,  starting  with  the  second  one 


All. 2 On  the 


Set  of  Integers  for  a Network  with  L Links 


We  will  show  in  this  section  that  there  exists  a family  of  topologies 
that  can  generate  arbitrarily  large  integer  assignments,  and  where  the 
value  of  the  largest  integer  grows  exponential ly  with  the  number  of  links. 
The  procedure  that  we  will  follow  is  a constructive  one,  starting  with 
Is1)  -2  (Is1!  ■ 1 is  obviously  a pathological  case).  We  will  also  use 


this  procedure  to  show,  through  examples, 


of  the  advantages  that 


the  canonic  equations  are  able  to  offer  in  many  situations.  The  synthesis 
procedure  used  in  this  section  will  be  generalized  later  on  in  this 
Appendix. 

For  |s^|  • q « 2 the  only  existing  class  of  assignments  is 
9 » {l,l}.  A network  that  could  provide  such  a solution  is 


Fig.  All. 2.1 


with  S1  - {b,c},  R1  - {^(3),  r2(3)>,  the  canonic  equations 


, r„(3)  + y, (3)  r,  (3)  - y , (3)  (*) 


Variable  y (3)  gives  the  amount  of  ecMSodity  (1,3)  flowing  through 
Link  a.  1 
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the  canonic  ratio 


1 r2(3)  + rl<3) 

c,  + c 
fl  c 


dual  variables 


It  m 7T  • 

b c c^  + cc 


and  distance  assignment 


0.  ■ 0 * -it . D1  ■ -7T  o"  ■ 1 

b c b c 


Numerically  for  c^  » 1.  all  £,  and  r^(2)  « 1,  r2<3)  ■ 2,  r^O)  ■ 4 
the  solution  is  a^«3,  y^(3)  ■ 1.  In  terms  of  a simplex  solution,  the 
nonzero  flows  will  be 

fa<2)  - 1,  fa(3)  - 1,  ^(3)  - 3,  fc(3)  - 3 
and  the  spanning  trees  sue  given  in  Pig.  All. 2. 2 


Fig.  All. 2. 2 


Thus  f (3)  is  the  only  nonzero  flow  in  the  spanning  tree  and  therefore 

A 

the  only  alternate  path  (Note  that  in  this  case  the  solution  to  (LP1) 
will  be  unique).  The  routing  variable  y^(3)  is  therefore  associated 
with  f (3).  According  to  section  3.6  terminology  this  variable 

cL 

should  have  been  called  y (3) ; note,  though,  that  whenever  we  have 

A 

a single  alternate  path  for  a given  caneodity  there  is  no  ambiguity 


P 


which  can  be  simplified  to  that  of  Pig.  AXX.2.4 


Fig.  AXX.2.4 


Now  suppose  that  we  augment  the  network  of  Fig.  AXX.2.3  in  such 
a way  that  we  introduce  a new  commodity  with  two  alternate  paths:  one 
going  through  links  4l,  42  and  43  and  another  going  through  a new 
saturated  link  44.  Doing  that  we  maintain  a stable  operating  point 
and  we  have  the  collection  of  distance  9 ■ {l, 1,2,4}  with  |s^|  ■ 4. 
The  network  will  be  that  of  Fig.  AXX.2.5 


Fig.  AXX.2.5 


and  the  canonic  equations  and  canonic  ratio  become 


4^(2)  + 2r3(4)  + rs(6) 

4cA  + 2cll  * °12  * Cl3 

where  we  are  assuming  for  simplicity  that  the  remaining  requirements 
are  equal  to  zero. 

The  network  of  Fig.  All. 2.5  can  be  simplified  to  give  the  network 
of  Fig.  All. 2. 6 


Fig.  All. 2. 6.-? 


Proceeding  in  the  same  way  with  the  network  of  Fig.  All. 2. 5 
we  can  obtain  the  network  of  Fig.  All. 2. 7 which  has  Is1!  - 5 and  will 
generate  the  set  of  distances  6 - {1,1,2, 4, 8}.  This  network  can 
be  simplified  to  give  the  network  of  Fig.  All. 2. 8 


Fig.  All. 2. 7 


Following  with  this  family  of  networks  we  will  generate  the 
sequence  of  distances 

1,1,2, 4,8,...*  2*1”2 

which  clearly  grows  exponentially  with  q - |SjJ. 

Motivated  by  the  results  of  this  section  we  will  present  a 
general  procedure  for  synthesizing  (small)  networks  exhibiting  any 
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valid  1—  saturation  sat  in  the  last  section  of  this  Appendix.  Next, 
however,  we  treat  the  problem  of  establishing  the  validity  of  a set  of 
integer  as  distances. 

All. 3 On  Valid  Sets  of  Integer  Distances  and  Corresponding 
Saturation  Matrices 

We  will  start  this  section  with  a formal  definition  of  valid  dis- 
tance assignments. 

Definition  AXI.3.1 

A set  of  integers  6 -{9^,  9^,...,  9^}  will  be  said  to  be  a 
valid  distance  assignment  for  the  first  saturation  problem  if  there 
exist  a network  and  a requirement  matrix  for  which  there  is  an  optimal 
solution  to  (LP1) , with  q saturated  links,  which  can  be  described  in 
terms  of  integer  weights  {9^}. 

Lemma  All. 3.1 
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Definition  All. 3. 2 

Two  saturation  matrices  are  said  to  be  weight  equivalents  if  they 
have  the  same  dimension  and  give  the  same  collection  of  link  weights. 

Lemma  All. 3. 2 

"Equivalence"  as  defined  by  Definition  All. 3. 2 is  a true  equivalence 
relation.  In  particular  the  set  of  saturation  matrices  is  partitioned 
into  equivalence  classes  by  this  relation. 

Proof: 

Obvious  from  the  definition  of  equivalence  relation. 

Lemma  All. 3. 3 

If  Q and  Q are  two  saturation  matrices  of  the  same  dimension  and 
sutna trices  P0  and  ?B  are  column  equivalents  then  Q and  Q are  weight 
equivalents. 

Proof: 

Prom  CAI-2)  P^  and  PQ  will  be  column  equivalents  if 

PB  " PBHB  (All. 3.1) 

where  Hg  is  a product  of  column  elementary  matrices. 

From  Theorem  4.6.1  we  have 

«,  ' 0 

so  multiflying  (All. 3.1),  on  the  left,  by  0 

0P„  - 0P_H_  - 0 
B B B 
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Thus  0 is  also  e.  valid  assignment  for  P . Since  according  to  section 
4.5  the  value  of  the  capacities  is  inmaterial  for  vector  6 , we  have 
proved  the  result. 

Q.E.D. 

If  Hg  of  (All.  3.1)  is  only  a product  of  elementary  permutations 
and/or  multiplication  of  columns  by  scalar  (in  this  case  the  scalar 

-1  ~-i 

must  be  +1 ) then  Q can  be  obtained  from  Q by  means  of  these  same 
elementary  transformations  (exchanging  the  role  of  row  and  column  ac- 
cording to  (AI-1) ) . Nevertheless  the  relation  between  P and  P needs 

B B 

not  be  so  simple,  because  Lemma  All. 3. 3 establishes  a more  general  re- 
sult. As  am  example  the  following  three  matrices  are  weight  equivalents 


where,  for  instance 


PD  H 
B B 


and  (in  the  notation  of  Appendix  I) 


Hq  - Hl2(l)H1(-l/2)H23(-l)H2l(l)' 


0 -1  1J 

Thus  although  Q,  Q and  § have  the  same  weights,  dual  variables  and  even 


-1/2  - 1/2  0 
-1/2  1/2  0 


some  columns  in  common,  their  inverses  are  quite  different  and  further- 
more equal  columns  in  the  saturation  matrices  do  not  correspond  with 
equal  rows  in  the  inverses. 

Note  also  that,  in  terms  of  flow  variables,  the  fact  of  multiplying 


a column  of  Q by  -1  corresponds  to  an  exchange  of  variables  between  F 


BA 


and  F^,  and  therefore  to  a change  of  one  link  in  the  corresponding 


spanning  tree.  As  an  example  consider  Figs.  All. 3. la-lb  below 


links  in  the 
spanning  tree 

links  generating 
alternate  paths 


If  f^ (n)  was  the  variable  corresponding  to  the  original  column  of  Q, 
multiplying  that  column  by  -1  is  equivalent  to  replacing  f ^ (n)  by  f^Cn) 
and  modifying  the  spanning  tree  T(n)  by  adding  link  l and  dropping 
link  a. 

We  now  give  an  extension  of  Lemma  All. 3. 3. 
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Theorem  All. 3.1 

A necessary  and  sufficient  condition  for  Q and  § to  be  weight 
equivalents , with  9 being  the  weight  vector,  is  that 


where  Hg  and  HQ  are  elementary  matrices  and  where  9 is  an  eigenvector 


of 


Proof: 


From  e)  and  f)  of  Appendix  I we  can  always  write 


Multiplying  by  9 on  the  left 


9P_  - 9h  : 
b B 


If  9 is  an  eigenvector  of  and  T is  the  corresponding  eigenvalue 


9P_  - t9  5 h 
B B B 

so  of  95  ■ 0 we  also  have  9P_  - 0 . 

D B 


Q.E.D. 


Observe  that 


All. 3.1  is  a particular  case  of  Theorem 


All. 3.1,  when  Hg  « 1. 

An  easy  test,  from 


All. 3.1,  to  see  if  9 is  a valid  distance 


assignment  is  to  check  if  a valid  Q -matrix  earn  be  generated  from  9. 

For  this  purpose  note  that,  since  each  column  of  P represents  a reduced 

-V  3 

circuit  and  there  are  q-1  reduced  circuits  in  P , the  collection  of 

9 

integers  has  to  allow  for  the  possibility  of  obtaining  q-1  subsets  of 
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integers  with  the  following  properties: 

i)  Each  subset  must  be  able  to  be  partitioned  in  two  non- 
empty blocks,  such  that  the  sum  of  the  elements  of  one 
block  has  to  be  equal  to  the  sum  of  the  elements  of  the 
other  block. 

ii)  These  q-1  subsets  must  be  independents. 

Clearly  each  one  of  these  subsets  will  correspond  to  a column  of  P . 

B 

Thus  to  each  subset  we  associate  a 0,  +1,  q-conponent  vector  where  the 
elements  in  one  block  will  have  a +1  entry,  the  elments  of  the  other 
block  a -1  entry  and  the  remaining  elements  a 0 entry.  Hence  we  will 
have  a valid  PQ  matrix  as  soon  as  we  are  able  to  find  q-1  independent 
vectors  obtained  in  this  way.  We  can  conclude  then. 

Lemma  All. 3.4 

A collection,  9,  of  q integers  can  be  a valid  distance  assignment, 
for  the  saturated  links  of  an  (LPl),  iff  the  rank  of  the  matrix  obtained 
from  the  vectors  corresponding  to  all  possible  subsets,  that  can  be 
obtained  from  9 and  satisfy  property  i)  above,  is  at  least  q-1. 

□ 

Example  All. 3.1 

Consider  the  collection  of  integers  9s  (1,1, 2, 4).  From  this 
collection  we  can  obtain  the  following  subsets  and  blocks 

{(1,1,2)  - (4)}  -o  subset  1 

{(1,1)  - (2)}  -»  subset  2 

{ (1)  - (1) } -o  subset  3 

If  we  assign  each  weight  to  a link,  say  9 - (9  , 9 , 9 , 9 ) , then,  we 


I 
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can  write  the  following  three  column  matrix  corresponding  to  previous 
subsets 


111 
11-1 
1-10 
-10  0 


a 

b 

c 

d 


clearly  the  rank  of 
distance  assignment 


this  matrix  is  equal  to  three  and  thus  6 is  a valid 
(in  fact  it  corresponds  to  the  network  of  Fig.  All. 2. 6) 


□ 

The  fact  that,  in  principle,  one  can  be  forced  to  write  all  possible 
subsets  with  property  i) , obtained  from  a collection  9,  render  the  pro- 
cedure inappropriate  for  large  collections  of  integers.  Nevertheless 
it  can  be  expected  that  some  partition  techniques  used  in  number  theory, 
see  (41],  (42],  could  be  used  to  simplify  this  task.  Now  we  will  move 
to  the  last  section  of  this  Appendix  where  we  generalize  the  synthesis 
procedure  introduced  in  Section  All. 2,  but  before  we  will  raise  a 
question  regarding  the  structure  of  a valid  set  6:  If  6 is  to  be  a 
valid  set  of  integers,  is  it  necessary  that  0^  ■ 1 for  at  least  one 
i?  The  answer  is  no  and  can  be  justified  by  means  of  Example  1 of 
Appendix  III. 


All. 4 A Synthesis  Procedure  for  the  First  Saturation  Level 
Given  a valid  (see  section  4.4)  Q-matrix  it  is  always  possible 


to  find  a capacitated  network  and  a requirement  matrix  such  that  the 
solution  of  the  corresponding  first  saturation  problem  will  give  a 


3)  For  the  saturated  links  taka  the  capacities  given  by  the 
Q matrix.  For  the  remaining  links  the  task  of  finding 
appropriate  capacities  is  very  simple,  since  a solution 
to  the  routing  problem  is  known.  For  coenodities  using 
saturated  links  the  allowable  paths  are  given  by  the 
reduced  circuits;  for  the  remaining  coenodities  the  paths 
can  be  fixed  arbitrarily  as  long  as  they  do  not  use 
saturated  links.  Once  the  paths  are  known  we  can  compute 
the  amount  of  total  flow  through  each  link  and  give  to  it 
a capacity  that,  with  the  computed  flow,  will  give  a satura- 
tion level  lower  than  the  level  of  the  saturated  links. 


Fig.  All. 4. 3 


Where  we  have  chosen  destinations  2'  and  3*  to  coincide.  The  assign- 
ment of  capacities  to  nonsaturated  links  and  values  to  the  requirement 
matrix  is  a trivial  matter.  It  is  clear  that  many  other  networks 
could  be  obtained  in  a similar  way,  all  having  the  same  set  S1  and 
link  weights.  In  fact  the  network  of  Fig.  All. 4. 3 cam  be  simplified 
to  the  network  of  Fig.  All. 4.4. 


c 


Comment:  One  important  observation  has  to  be  made  with  respect 
to  the  order  of  connecting  saturated  links:  we  have  to  avoid  short- 
circuits  of  previously  established  paths  a that  is,  we  have  to  avoid 
making  connections  that  could  reduce  the  length  of  existing  paths. 


APPENDIX  III 


EXAMPLES 

111. 1 Introduction 

In  this  appendix  we  present  sosm  examples  that  will  illustrate  many 
of  the  results  of  this  thesis.  Example  1 shows  a case  where  none  of  the 
link  weights,  for  a first  saturation  set,  is  equal  to  onet  furthermore, 
this  example  is  also  used  to  illustrate  sane  of  the  points  made  in  Sections 
4.4,  4.S  and  4.6.  Example  2 presents  a case  of  a first  saturation  matrix 
without  zero  entries  and  a possible  network  to  which  it  can  correspond  . 
Example  3 is  included  to  show  how  the  simplifying  properties  of  Sections 
4.3  and  5.6,  regarding  aubccemodi ties , can  be  used  in  practice > in  addi- 
tion a saturation  matrix  and  distance  assignment  for  a three  level  prob- 
lem will  be  obtained.  Finally  Example  4 will  be  used  to  illustrate 
some  of  the  dynamic  reoptimization  properties  and  rules  presented  in 
Chapter  VI. 

111. 2 Example  1 


Consider  the  collection  of  reduced  circuits  of  Fig.  AIII.l 


Fig.  AIII.l 


If  we  take  the  direction  of  flow  of  the  top  path  on  each  circuit  to  be 
positive,  the  corresponding  Q- matrix  (c.  • 1,  all  l ) will  be 


■ 


For  the  sake  of  completeness  we  can  also  obtain  dat  Q,  using  (4.4.12)  as 
follows  (we  take  out  the  row  with  the  smallest  number  of  zeroes) 


so 

detg  - 12  . 

The  fact  that  detQ  » D*  is  a coincidence  and  is  due  to  the  great  number 
of  zeros  that  appear  in  Q.  in  general  we  will  have  detg  > D1. 

Using  the  synthesis  procedure  of  Appendix  II  we  can  easily  obtain 
a network  for  this  g-matrix.  The  result  is  given  below 


Fig.  AIII.2 


The  network  can  be  simplified  as  follows 


This  scheme  suggest  that  we  have  two  subnetworks  weakly  connected  to 
each  other.  This  property  can  also  be  seen  in  terms  of  the  Q-matrix 
if  this  matrix  is  written  according  to  the  procedure  included  in  Method 
III  of  Section  4.6,  that  is. 


Applying  now  ftieorem  4.6.2  we  would  obtain 


Furthermore 


IKS1)  - W(rl>  |»(rl)l  - [-i  -i  -i  -i  -i] 

which  a re,  of  course,  the  sssm  values  obtained  before.  Fran  previous 
values  we  can  easily  see  that  all  results  of  Method  III,  Section  4.6, 


are  satisfied  for  this  exavple.  Note  in  particular  the  relation  between 


Using  Method  II,  Section  4.6,  we  can  easily  invert  this  matrix 


Thus,  according  to  Appendix  II,  Q is  a valid  saturation  matrix. 
Furthermore,  using  the  synthesis  procedure  of  that  appendix,  a possible 
network  for  this  matrix  is  given  in  Fig.  AIII.4. 


3 


Next  we  present  a three  saturation  level  example  that  exhibits 
many  simp lying  and  hierarchical  properties. 


III. 4 Example  3 

Consider  the  strongly  connected  network  of  Fig.  AIII.6;  since  all 
the  traffic  going  to  node  1 has  to  go  through  node  3 , commodity  3 is  a 
subcommodity  of  commodity  1.  Thus,  according  to  the  simplifying  rules 


Fla.  AIII.6 


of  Section  4.3  and  5.6  we  can  delete  the  spanning  tree  rooted  at  1 


just  as  if  there  were  no  traffic  destined  for  1,  and  define 


a new 


requirement  for  commodity  3 in  the  form  r (3)  - r (3)  + r (1) , all 

m m a 

m (the  network  is  strongly  connected) . Since  link  b was  in  the  spanning 
tree  TCI)  but  is  not  in  T(3),  the  amount 


V1J  * 2 rm(1) 
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has  to  be  added  to  the  current  aggregate  flow  of  link  b in  order  to 
obtain  the  total  flow  of  that  link.  Thru  this  re-arrangement  one  is 
able  to  reduce  the  dimension  of  the  constraint  matrix  by  |t(1) | « N-l  » 6 
without  destroying  the  identity  of  the  problem. 

Acting  in  the  same  way  we  can  delete  also  the  spanning  trees  rooted 
at  nodes  5 and  7,  giving  a total  reduction  of  dimensionality  of 

|T(1) | + |t(5) | + |t(7) | - 18 

with  respect  to  the  initial  dimension:  rank  A1  » L + N(N-l)  - 12  + 42  - 54. 
By  means  of  this  reduction  we  are , in  effect,  deleting  rows  of  A1. 

Suppose  we  choose  now  a set  of  starting  spanning  trees,  for  the 
non-deleted  conanodities , as  given  by  Fig.  AZIZ. 7.  In  this  figure  the 
continuous  lines  correspond  to  branches  of  the  trees  and  the  dotted 
lines  to  the  non- tree  links,  i . e . , those  links  (or  flows)  generating 
alternate  paths.  From  this  tree  selection  the  set  fbt  will  be  generated 
by  the  continuous  links  and  the  complementary  set  F - F__  by  the  dotted 
links. 

Since  from  Chapters  IV  and  V we  know  that  all  the  relevant  infor- 
mation of  a given  solution  can  be  obtained  from  the  set  f - F we  will 

BT 

concentrate  on  this  latter  set.  From  Fig.  AIII.7  we  can  easily  obtain 


18)  on  the  other  hand 


4. 3.7-6  provide  us  with  sc 


tools  to  simplify  even  further'  ' the  set  F - F^.  For  example , note 


Note  that  the  spanning  tree  deletion  has  already  reduced  the  number 
of  elements  of  F - F__  by  eliminating  all  the  flows  generated  by  the 
nan-tree  branches  or  the  deleted  trees. 


i LJt 


that  f^(3) , £^(4)  and  f^(6)  can  never  ba  basics  bacausa  thair 

corresponding  links  introduce  cyclas  whan  addad  to  tha  tzaas,  so  that 

they  can  ba  da  la  tad  from  T - p . Mots  also  that  f (2)  and  f (6)  (or 

bt  a a 


£ (3)  and  f (4))  ganarata  tha 
P P 


circuit  so  ana  of 


, say  f (2) 

A 


(f  (3))  can  ba  eliminated.  This  last  operation  raducas  tha  sat  P - F__ 
P BT 

to  tha  following  collaction  of  elements 

F’pBT*  {fd(2)'  V2)'  £h(2)'  fa(3)'  fg(3>'  fa(4>'  fg(4)'  fa(4>' 
fp(4),  fa(6),  ^(6),  fn<6)} 

I'-'bt!  - 12  • 

Thus  through  all  thasa  simplifications  wa  hava  affactivaly  raducad  tha 
ntabar  of  coluans  of  astrix  A3,  by 


non-tree  branchas  of  [T(l),  T(5) , T(7)]  +6-12+6-18  . 


Sine#,  as  is  known  from  Chaptar  IV,  wa  can  discard  tha  spanning  traa 
part  of  tha  constraint  matrix  ones  a sat  of  spanning  tzaas  ara  known. 


wa  can  conclude  that  ana  is  able  to  solve  this  saturation  problem  working 


(*) 


with  an  actual  constraint  matrix  of  (roughly) 

(••) 

L x U.+  (1+|p-Fot|)1  - 12  x 25 
instead  of  tha  initial  dimension,  sea  (3.1.3),  of 


dimension 


(L+N(N-1)]  x [HL+  1]  - 54  x 85  . 


(*j 

Since  during  the  solution  process  one  might  ba  forced  to  change 
tha  structure  of  tha  spanning  trees,  and  each  spanning  tree  could 
introduce  different  simplifications , the  number  of  coluans  may  change 
slightly  during  tha  process. 

1 

Tha  1 stands  for  a . 


116 
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T!m  dual  variables .which  can  ba 
procedures  already  known,  will  be 


ily  obtained  by  any  of  the  many 


1 

2 


Ta  " ‘4'  "d"!  ' *g-°'  ^"-1  * 


Furthermore  since 


C (4)  n (S1U  S2)  - <p 
P 


we  have 


*0  * {fp(4)} 


*1  - Fi  - *L-*l  - ♦ 


Thua  the  solution  is  not  unique  and  we  shall  have  to  solve  a third 
saturation  level  problee.  But  first,  to  obtain  a positive  distance 
assignment  at  level  two  we  can  compute  a solution  to  (LP2+) , as  indi- 
cated in  Section  5.4,  to  give 


-ir2+(s1U  S2)  - (1,  o,  f,  i,  i, 


from  which  we  obtain  the  weights 


e2+(s1u  S2)  - (2,  0,  3,  i,  1,  1)  . 


Since  for  these  weights 


z2+(y2)  > 0, 


'wU  . . — — 
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they  represent  a valid  distance  assignment  to  describe  the  alternate  paths 
up  to  the  second  saturation  level. 

New  we  move  to  the  third  level.  *t  this  level  we  sake  active  (basic) 
the  only  flea  variable  in  P2,  i.e. , f^ (4) . let  us  suppose  that  as  a 
result 


S3  ■ (n,p> 
Thus  we  have 


«l  a2  .*  S2  .’  S3  p4 


-1  -1  -1 

-1  1-1  l 

-1  -l 

-1111 

a 

d 

3 

■ 

a 

h 

fll 

-l  1 

-11  1 

m 

G12 

■ 

-1 

i 

■ravn 

n 

13 

warn 

^3 

G 

jam 

Q 

-1  -1 

i 

DEI 

P 

12 

which,  like  Q , also  has  the  lower  triangular  property.  The  correspond- 
ing dual  variables  are 


_3 .123.  .1  11  1 „ „ 1 1. 

ff  (S  ) • -jj#  -f/  -16,  0,  0,  --) 


and 


3+ .123.  .1..11111. 

-it  (s  ) • ! p 0,  0,  g#  g,  gv  j,  j) 


so  that 

03+  - (2,  0,  0,  1,  1,  1,  3,  3)  . 


Since,  furthermore,  for  these  weights 


z ar+  u ?+)  - * <p*)  > o 

represent  a valid  assignment  for  tha  successive  saturation  probl 
This  assignment  is  represented  in  Pig.  AXXJ.8 


Pig.  AIII.8 


As  we  can  see  only  half  of  the  lines  have  a nonzero  distance.  The  largest 
weight  is  3 in  contrast  with  tha  set  of  weights  for  (LPl)  where  tha 
largest  was  4.  Thus  we  see  that  descending  in  the  hierarchy  of  problems 
does  not  necessarily  mean  increasing  the  weights  since  new  links  are 
allowed  to  be  nonzero  from  problem  to  problem. 

•I 

This  concludes  the  present  example,  which  has  been  used  to  illustrate 
many  of  the  simplifying  properties  described  in  the  thesis.  Mow  we  move 
to  a three  node  example  to  illustrate  some  dynamic  behaviour  of  the 
solution  in  response  to  requirement  changes. 


III. 5 Example  4 


Here  we  want  to  Illustrate  some  of  the  possible  reoptimization  cases 
explained  in  Chapter  VI.  Since  the  details  of  these  reoptimizations  are 
included  in  that  chapter  we  will  omit  them  here  and  consider  only  the 
evolution  of  the  optimal  solutions.  Furthermore  since  we  will  be  dealing 
with  a three  node  example  the  reoptimization  can  be  done  by  inspection; 
nevertheless  the  interested  reader  can  go  to  Chapter  VI  and  reconstruct 
the  corresponding  steps  needed  to  move  frcm  one  optimal  solution  to 
another. 

Starting  with  the  solution  of  Example  2.4.1,  represented  in  Fig. 

AIII.9a,  an  increment  Ar2  « 2 will  give  the  optimal  solution  of  Fig.  AIII.9b, 


for  which  no  change  of  basis  is  needed.  The  saturation  sets  still  are 
(they  are  also  marked  in  the  figure) 


S1  ■ {b,g}  ; S2 


{a,e} 


and  the  new  saturation  levels 


Now,  suppose  that  for  the  solution  of  Pig.  AIU.9b  we  have  first 
an  increment  Ar * - 3 and  then  an  additional  increment  ArJ  - 2.  The  new 
solutions  are  given  in  Pig.  AlXX.lOa  and  b,  respectively. 


Ar  (3) 

Fig.  Alii  9b  — > 


Ari(3) 


Pig.  AXii.lo 


reoptimization  corresponds  to  a change  in  the  structure  of 
without  modifying  the  set  of  alternate  paths.  Thus  we  have  a change 
of  basis.  The  basic  variable  that  became  negative  inducing  the  change 
was  variable  i#l  i.e.,  the  slack  variable  of  link  e.  The  second  reopti- 
mization swtiches  the  hierarchical  order  of  problems  (LP1)  and  (LP2) , 
thus  S becomes  S and  vice  yprsa.  This  change  was  induced  by  variable 
S , i.e.,  the  slack  between  a*  and  a*,  becoming  negative.  The  reason 
why  the  solutions  switch  without  further  modifications  is  twofold: 

on  one  hand,  the  old  s was  not  preventing  any  alternate  path  of  the 
2 

R commodities  from  becoming  active  (basic)  j on  the  other  hand  the 
new  S does  not  eliminate  any  of  the  alternate  paths  of  the  old  R1 


commodities.  These  facts  are  reflected  In  the  coe^osite  saturation 
matrix  by  a block  diagonal  structure  of  the  matrix. 


Next  consider  an  additional  increment  Ar^  « 3 with  respect  to  the 
requirements  of  the  solution  of  Pig.  AXII.lOb.  The  new  solution  is 
given  in  Pig.  A1IX.11. 


This  last  reoptimization  correspond  to  a change  in  the  set  of  basic 
alternate  paths  without  changing  the  composition  of  the  saturation 
sets.  This  change  of  basis  was  induced  by  the  flow  variable  f^(2) 
becoming  negative . 

Finally  consider  that  an  increment  of  value  Ar^  - 7 has  been  added 
to  the  solution  of  Pig.  AXXX.9a,  then  the  new  solution  is  given  in 
Pig.  AIIX.12. 


Fig.  Ain.9a 


Fiq.  AIII.12 


In  this  reoptimization,  which  has  bean  induced  by  &2  becoming  negative, 

2 

the  old  S picks  up  one  element  of  the  old  s1  in  the  process  of  becoming 
the  new  s*. 

Many  other  types  of  changes  could  be  established  with  this  three 
node  example,  but  those  already  shown  suffice  to  illustrate  the  process. 
We  therefore  conclude  Appendix  III  here. 
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